
Quantum walks as a quantum simulators

Iván Márquez Martín
23/10/2019



Index

I. Introduction to QWs 
II. From QWs to Dirac equation 
III. QWs in hexagonal and triangular lattices. 



I. Introduction to QW

Same prob. to move left or right

In the CRW



I. Introduction to QW

Hilbert space H = Hp ⌦Hc

coin state 2 H
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I. Introduction to QW
U = S(I⌦ C)

S: shift operator

C: coin operator

Unitary operator

Superposition

Time

S =
X

i2Z
|i+ 1i hi|⌦ |"i h"|+ |i� 1i hi|⌦ |#i h#|
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I. Introduction to QW
P (i; t) = | t,i|2Probability density

Spreading faster than CRW



I. Introduction to QW

Quantum random-walk search algorithm, Phys. Rev. A 67, 052307 (2003) 

Quantum algorithm 

e.g. Searching in graphs  first search algorithm in a hypercube

𝒪( N log N)time complexity In 2D

a1

a2
b

1

G. Abal, R. Donangelo, M. Forets, et al. “Spatial quantum search in a triangular network”.

 In: Mathematical Structures in Computer Science 22.3 (2012), pp. 521–531. issn: 09601295.

G. Abal, R. Donangelo, F. L. Marquezino, et al. “Spatial search on a honeycomb network”.

 In: Mathematical Structures in Computer Science 20.6 (2010), pp. 999–1009 

𝒪( N)



I. Introduction to QW
Quantum simulation 

I. M. Georgescu, S. Ashhab, and Franco Nori
Rev. Mod. Phys. 86, 153







Index

I. Introduction to QWs 
II. From QWs to Dirac equation 
III. QWs in hexagonal and triangular lattices. 



U = S(I⌦ C)

S: shift operator

C: coin operator

The finite difference eqs:Unitary operator

Time

S =
X

i2Z
|i+ ✏i hi|⌦ |"i h"|+ |i� ✏i hi|⌦ |#i h#|
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Continuous limit

II. From QWs to Dirac equation



i@t = i(�z@x � i�xm) ✓ = ✏ m = 0.24
m = 20

QW
| |2

Position 

- Relativistic wave equation which describes all spin 1/2 particles
- First theory that combines fully SR and QM

thanks to Giuseppe Di Molfetta

II. From QWs to Dirac equation



QWs can simulate processes that are very complicated to 
observe experimentally 

Gauge fields

II. From QWs to Dirac equation

Pablo Arnault and Fabrice Debbasch. “Quantum walks 
and discrete gauge theories”. In: Physical Review A - 
Atomic, Molecular, and Optical Physics 93.5 (2016), pp. 
1–6. 

G. Di Molfetta and F. Debbasch. “Discrete-time quantum walks: Continuous limit 
symmetries”. In: Journal of Mathematical Physics 53.12 (2012) 

• Pablo Arnault, Giuseppe Di Molfetta, Marc Brachet, et al. “Quantum walks and non-Abelian discrete gauge theory”. In: Physical 
Review A 94.1 (2016)  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Gauge invariance in DTQW 

II. From QWs to Dirac equation

Pablo Arnault and Fabrice Debbasch. “Quantum walks and discrete gauge theories”. In: Physical Review A - Atomic, 
Molecular, and Optical Physics 93.5 (2016), pp. 1–6. 

C. Cedzich, T. Geib, A. H. Werner, et al. “Quantum walks in external gauge fields”. In: Journal of 
Mathematical Physics 60.1 (2019) 

Electromagnetic lattice gauge invariance in two-dimensional discrete-time quantum walks
Iván Márquez-Martín, Pablo Arnault, Giuseppe Di Molfetta, and Armando Pérez. Phys. Rev. A 98, 032333 (2018)

 Unified framework to understand U(1) gauge invariance, in DTQW with 
coin spaces of arbitrary dimensions

Close analogies to LGT 

ψ (n) ψ (n + ⃗μ )θμ(n)

θν(n + ⃗μ )

θ−μ(n + ⃗μ + ⃗ν )

θ−ν(n + ⃗ν )

ψ (n + ⃗μ + ⃗ν )ψ (n + ⃗ν )



QWs can simulate processes that are very complicated to 
observe experimentally 

Quantum walks and quantum simulations with Bloch-oscillating spinor atoms D. Witthaut Phys. Rev. A 82, 033602

Zitterbewegung rapid oscillation of Dirac particles 
around their trajectories 

Dirac equation in 
curved space-time

(and more)

II. From QWs to Dirac equation

Giuseppe Di Molfetta, Marc Brachet, and Fabrice Debbasch. Quantum walks in artificial electric and gravitational 
fields. Physica A: Statistical Mechanics and its Applications, 397:157–168, 2014. 

P. Arrighi and F. Facchini. Quantum walking in curved space-time: (3+1) dimensions, and beyond. Quantum 
Information and Computation, 17(9-10):0810–0824, 2017  

 

Quantum simulation of the Dirac equation. R. Gerritsma, G. Kirchmair, F. Zähringer, E. Solano, R. Blatt and C.F. Roos, Nature 463, 68 (2010)

Pablo Arnault and Fabrice Debbasch. “Quantum walks and gravitational waves”. In: Annals of Physics 383 (2017), 

http://www.nature.com/nature/journal/v463/n7277/abs/nature08688.html


Brane theories new extra physical dimensions take 
into account. a few TeV to 10^16 TeV

I.Márquez-Martín, G. Di Molfetta and A. Pérez, Phys. Rev. A 95 042112 (2017)
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II. From QWs to Dirac equation



QWs allow us to study in a deeper way physical 
models, i.e. relativistic particles

This approach could potentially be used to 
understand wider theories such as Quantum field 

theory, Quantum Gravity…

from discrete to continuous 

What happens if we change the topology of the 
lattice?

II. From QWs to Dirac equation

A quantum cellular automaton for one-dimensional QED. 
P.Arrighi, C.Bény, T.Farrely arXiv:1903.07007 

https://arxiv.org/abs/1903.07007
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Topological phases

Search algorithms 

III. Hexagonal and 
triangular QWs

Takuya Kitagawa, Mark S. Rudner, Erez Berg, et al. “Exploring topological phases with 
quantum walks”. In: Physical Review A - Atomic, Molecular, and Optical Physics 82.3 (2010) 

G. Abal, R. Donangelo, M. Forets, et al. “Spatial quantum search in a triangular network”.

 In: Mathematical Structures in Computer Science 22.3 (2012), pp. 521–531. issn: 09601295.

G. Abal, R. Donangelo, F. L. Marquezino, et al. “Spatial search on a honeycomb network”.

 In: Mathematical Structures in Computer Science 20.6 (2010), pp. 999–1009 

Localization processes P. W. Anderson. “Absence of 
Diffusion in Certain Random 
Lattices”.Phys. Rev. 109 (1956) 

Changyuan Lyu, Luyan Yu, and Shengjun Wu. “Localization in quantum walks on a honeycomb network”. In: 
Physical Review A - Atomic, Molecular, and Optical Physics 92.5 (2015) 



III. Hexagonal and 
triangular QWs

Graphene

Dirac-like electronic structure and dynamic

Possible physical implementation of QWs

Ioannis G. Karafyllidis. “Quantum walks on graphene nanoribbons using quantum gates as coins”. In: Journal of Computational Science 11 (2015) 
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Dirac Hamiltonian 2D Momentum along
i direction

New unitary 
matrices
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3
)ux + sin (i
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<latexit sha1_base64="ftz6dHZhYoREJckY+FPyhd5RQJA=">AAAB/HicbVC7SgNBFJ2NrxhfUUubwRCwkLAbBG2EoI1lBPOAZAmzk7vJkNkHM3eFsKz/YKutndj6L3Z+ipO4hUk81bnnnAuH48VSaLTtL6uwtr6xuVXcLu3s7u0flA+P2jpKFIcWj2Skuh7TIEUILRQooRsrYIEnoeNNbmd+5xGUFlH4gNMY3ICNQuELztBInX6YXDvn9UG5YtfsOegqcXJSITmag/J3fxjxJIAQuWRa9xw7RjdlCgWXkJX6iYaY8QkbQc/QkAWg3XReN6NVP1IUx0Dn999sygKtp4FnMgHDsV72ZuJ/Xi9B/8pNRRgnCCHP6MKjp9gEMKsayU8kxYjOlqBDoYCjnBrCuBKmOeVjphhHs1fJTOIsD7BK2vWaY9ec+4tK4yYfp0hOyCk5Iw65JA1yR5qkRTiZkGfyQl6tJ+vNerc+fqMFK/85JguwPn8AL7WUyA==</latexit><latexit sha1_base64="ftz6dHZhYoREJckY+FPyhd5RQJA=">AAAB/HicbVC7SgNBFJ2NrxhfUUubwRCwkLAbBG2EoI1lBPOAZAmzk7vJkNkHM3eFsKz/YKutndj6L3Z+ipO4hUk81bnnnAuH48VSaLTtL6uwtr6xuVXcLu3s7u0flA+P2jpKFIcWj2Skuh7TIEUILRQooRsrYIEnoeNNbmd+5xGUFlH4gNMY3ICNQuELztBInX6YXDvn9UG5YtfsOegqcXJSITmag/J3fxjxJIAQuWRa9xw7RjdlCgWXkJX6iYaY8QkbQc/QkAWg3XReN6NVP1IUx0Dn999sygKtp4FnMgHDsV72ZuJ/Xi9B/8pNRRgnCCHP6MKjp9gEMKsayU8kxYjOlqBDoYCjnBrCuBKmOeVjphhHs1fJTOIsD7BK2vWaY9ec+4tK4yYfp0hOyCk5Iw65JA1yR5qkRTiZkGfyQl6tJ+vNerc+fqMFK/85JguwPn8AL7WUyA==</latexit><latexit sha1_base64="ftz6dHZhYoREJckY+FPyhd5RQJA=">AAAB/HicbVC7SgNBFJ2NrxhfUUubwRCwkLAbBG2EoI1lBPOAZAmzk7vJkNkHM3eFsKz/YKutndj6L3Z+ipO4hUk81bnnnAuH48VSaLTtL6uwtr6xuVXcLu3s7u0flA+P2jpKFIcWj2Skuh7TIEUILRQooRsrYIEnoeNNbmd+5xGUFlH4gNMY3ICNQuELztBInX6YXDvn9UG5YtfsOegqcXJSITmag/J3fxjxJIAQuWRa9xw7RjdlCgWXkJX6iYaY8QkbQc/QkAWg3XReN6NVP1IUx0Dn999sygKtp4FnMgHDsV72ZuJ/Xi9B/8pNRRgnCCHP6MKjp9gEMKsayU8kxYjOlqBDoYCjnBrCuBKmOeVjphhHs1fJTOIsD7BK2vWaY9ec+4tK4yYfp0hOyCk5Iw65JA1yR5qkRTiZkGfyQl6tJ+vNerc+fqMFK/85JguwPn8AL7WUyA==</latexit><latexit sha1_base64="ftz6dHZhYoREJckY+FPyhd5RQJA=">AAAB/HicbVC7SgNBFJ2NrxhfUUubwRCwkLAbBG2EoI1lBPOAZAmzk7vJkNkHM3eFsKz/YKutndj6L3Z+ipO4hUk81bnnnAuH48VSaLTtL6uwtr6xuVXcLu3s7u0flA+P2jpKFIcWj2Skuh7TIEUILRQooRsrYIEnoeNNbmd+5xGUFlH4gNMY3ICNQuELztBInX6YXDvn9UG5YtfsOegqcXJSITmag/J3fxjxJIAQuWRa9xw7RjdlCgWXkJX6iYaY8QkbQc/QkAWg3XReN6NVP1IUx0Dn999sygKtp4FnMgHDsV72ZuJ/Xi9B/8pNRRgnCCHP6MKjp9gEMKsayU8kxYjOlqBDoYCjnBrCuBKmOeVjphhHs1fJTOIsD7BK2vWaY9ec+4tK4yYfp0hOyCk5Iw65JA1yR5qkRTiZkGfyQl6tJ+vNerc+fqMFK/85JguwPn8AL7WUyA==</latexit>

2D QW in the grid 2D QW in a hexagonal lattice

✏ ! 0
<latexit sha1_base64="ESy0ThRZDPZlh/H2uEQsnaAyuGY=">AAACDHicbVC7SgNBFJ31GeNrVaxsBkPAKuyKoGXQxjKCeUASwuzkbnbI7M4yc1cJS37Bf7DV1k5s/Qc7P8VJTGEST3XuOefC4QSpFAY978tZWV1b39gsbBW3d3b39t2Dw4ZRmeZQ50oq3QqYASkSqKNACa1UA4sDCc1geDPxmw+gjVDJPY5S6MZskIhQcIZW6rnHHUiNkCrpaDGIkGmtHqnXc0texZuCLhN/RkpkhlrP/e70Fc9iSJBLZkzb91Ls5kyj4BLGxU5mIGV8yAbQtjRhMZhuPq0/puVQaYoR0On9N5uz2JhRHNhMzDAyi95E/M9rZxhedXORpBlCwsd07jHQbAg4LlspzCRFRSfL0L7QwFGOLGFcC9uc8ohpxtHuV7ST+IsDLJPGecX3Kv7dRal6PRunQE7IKTkjPrkkVXJLaqROOMnJM3khr86T8+a8Ox+/0RVn9nNE5uB8/gDQ+ZvF</latexit><latexit sha1_base64="ESy0ThRZDPZlh/H2uEQsnaAyuGY=">AAACDHicbVC7SgNBFJ31GeNrVaxsBkPAKuyKoGXQxjKCeUASwuzkbnbI7M4yc1cJS37Bf7DV1k5s/Qc7P8VJTGEST3XuOefC4QSpFAY978tZWV1b39gsbBW3d3b39t2Dw4ZRmeZQ50oq3QqYASkSqKNACa1UA4sDCc1geDPxmw+gjVDJPY5S6MZskIhQcIZW6rnHHUiNkCrpaDGIkGmtHqnXc0texZuCLhN/RkpkhlrP/e70Fc9iSJBLZkzb91Ls5kyj4BLGxU5mIGV8yAbQtjRhMZhuPq0/puVQaYoR0On9N5uz2JhRHNhMzDAyi95E/M9rZxhedXORpBlCwsd07jHQbAg4LlspzCRFRSfL0L7QwFGOLGFcC9uc8ohpxtHuV7ST+IsDLJPGecX3Kv7dRal6PRunQE7IKTkjPrkkVXJLaqROOMnJM3khr86T8+a8Ox+/0RVn9nNE5uB8/gDQ+ZvF</latexit><latexit sha1_base64="ESy0ThRZDPZlh/H2uEQsnaAyuGY=">AAACDHicbVC7SgNBFJ31GeNrVaxsBkPAKuyKoGXQxjKCeUASwuzkbnbI7M4yc1cJS37Bf7DV1k5s/Qc7P8VJTGEST3XuOefC4QSpFAY978tZWV1b39gsbBW3d3b39t2Dw4ZRmeZQ50oq3QqYASkSqKNACa1UA4sDCc1geDPxmw+gjVDJPY5S6MZskIhQcIZW6rnHHUiNkCrpaDGIkGmtHqnXc0texZuCLhN/RkpkhlrP/e70Fc9iSJBLZkzb91Ls5kyj4BLGxU5mIGV8yAbQtjRhMZhuPq0/puVQaYoR0On9N5uz2JhRHNhMzDAyi95E/M9rZxhedXORpBlCwsd07jHQbAg4LlspzCRFRSfL0L7QwFGOLGFcC9uc8ohpxtHuV7ST+IsDLJPGecX3Kv7dRal6PRunQE7IKTkjPrkkVXJLaqROOMnJM3khr86T8+a8Ox+/0RVn9nNE5uB8/gDQ+ZvF</latexit><latexit sha1_base64="ESy0ThRZDPZlh/H2uEQsnaAyuGY=">AAACDHicbVC7SgNBFJ31GeNrVaxsBkPAKuyKoGXQxjKCeUASwuzkbnbI7M4yc1cJS37Bf7DV1k5s/Qc7P8VJTGEST3XuOefC4QSpFAY978tZWV1b39gsbBW3d3b39t2Dw4ZRmeZQ50oq3QqYASkSqKNACa1UA4sDCc1geDPxmw+gjVDJPY5S6MZskIhQcIZW6rnHHUiNkCrpaDGIkGmtHqnXc0texZuCLhN/RkpkhlrP/e70Fc9iSJBLZkzb91Ls5kyj4BLGxU5mIGV8yAbQtjRhMZhuPq0/puVQaYoR0On9N5uz2JhRHNhMzDAyi95E/M9rZxhedXORpBlCwsd07jHQbAg4LlspzCRFRSfL0L7QwFGOLGFcC9uc8ohpxtHuV7ST+IsDLJPGecX3Kv7dRal6PRunQE7IKTkjPrkkVXJLaqROOMnJM3khr86T8+a8Ox+/0RVn9nNE5uB8/gDQ+ZvF</latexit>

Continuous limit

Equivalent Dirac Hamiltonian 2D

ux
<latexit sha1_base64="FjHD9Fu+bZLom0W/yLF6/41cwqA=">AAAB+HicbVC7TsNAEFzzDOEVoKQ5EUWiimyEBGUEDWUQ5CElVnS+bJJTzg/drRHB8ifQQkuHaPkbOj4FJ7ggCVPNzsxKo/EiJQ3Z9pe1srq2vrFZ2Cpu7+zu7ZcODpsmjLXAhghVqNseN6hkgA2SpLAdaeS+p7Dlja+nfusBtZFhcE+TCF2fDwM5kIJTJt3FvcdeqWxX7RnYMnFyUoYc9V7pu9sPRexjQEJxYzqOHZGbcE1SKEyL3dhgxMWYD7GT0YD7aNxkVjVllUGoGY2Qze6/2YT7xkx8L8v4nEZm0ZuK/3mdmAaXbiKDKCYMRMrmHj3Nx0hpJZMGsWIUsukKrC81ClKTjHChZdaciRHXXFC2VTGbxFkcYJk0z6qOXXVuz8u1q3ycAhzDCZyCAxdQgxuoQwMEDOEZXuDVerLerHfr4ze6YuU/RzAH6/MHaaeT4Q==</latexit><latexit sha1_base64="FjHD9Fu+bZLom0W/yLF6/41cwqA=">AAAB+HicbVC7TsNAEFzzDOEVoKQ5EUWiimyEBGUEDWUQ5CElVnS+bJJTzg/drRHB8ifQQkuHaPkbOj4FJ7ggCVPNzsxKo/EiJQ3Z9pe1srq2vrFZ2Cpu7+zu7ZcODpsmjLXAhghVqNseN6hkgA2SpLAdaeS+p7Dlja+nfusBtZFhcE+TCF2fDwM5kIJTJt3FvcdeqWxX7RnYMnFyUoYc9V7pu9sPRexjQEJxYzqOHZGbcE1SKEyL3dhgxMWYD7GT0YD7aNxkVjVllUGoGY2Qze6/2YT7xkx8L8v4nEZm0ZuK/3mdmAaXbiKDKCYMRMrmHj3Nx0hpJZMGsWIUsukKrC81ClKTjHChZdaciRHXXFC2VTGbxFkcYJk0z6qOXXVuz8u1q3ycAhzDCZyCAxdQgxuoQwMEDOEZXuDVerLerHfr4ze6YuU/RzAH6/MHaaeT4Q==</latexit><latexit sha1_base64="FjHD9Fu+bZLom0W/yLF6/41cwqA=">AAAB+HicbVC7TsNAEFzzDOEVoKQ5EUWiimyEBGUEDWUQ5CElVnS+bJJTzg/drRHB8ifQQkuHaPkbOj4FJ7ggCVPNzsxKo/EiJQ3Z9pe1srq2vrFZ2Cpu7+zu7ZcODpsmjLXAhghVqNseN6hkgA2SpLAdaeS+p7Dlja+nfusBtZFhcE+TCF2fDwM5kIJTJt3FvcdeqWxX7RnYMnFyUoYc9V7pu9sPRexjQEJxYzqOHZGbcE1SKEyL3dhgxMWYD7GT0YD7aNxkVjVllUGoGY2Qze6/2YT7xkx8L8v4nEZm0ZuK/3mdmAaXbiKDKCYMRMrmHj3Nx0hpJZMGsWIUsukKrC81ClKTjHChZdaciRHXXFC2VTGbxFkcYJk0z6qOXXVuz8u1q3ycAhzDCZyCAxdQgxuoQwMEDOEZXuDVerLerHfr4ze6YuU/RzAH6/MHaaeT4Q==</latexit><latexit sha1_base64="FjHD9Fu+bZLom0W/yLF6/41cwqA=">AAAB+HicbVC7TsNAEFzzDOEVoKQ5EUWiimyEBGUEDWUQ5CElVnS+bJJTzg/drRHB8ifQQkuHaPkbOj4FJ7ggCVPNzsxKo/EiJQ3Z9pe1srq2vrFZ2Cpu7+zu7ZcODpsmjLXAhghVqNseN6hkgA2SpLAdaeS+p7Dlja+nfusBtZFhcE+TCF2fDwM5kIJTJt3FvcdeqWxX7RnYMnFyUoYc9V7pu9sPRexjQEJxYzqOHZGbcE1SKEyL3dhgxMWYD7GT0YD7aNxkVjVllUGoGY2Qze6/2YT7xkx8L8v4nEZm0ZuK/3mdmAaXbiKDKCYMRMrmHj3Nx0hpJZMGsWIUsukKrC81ClKTjHChZdaciRHXXFC2VTGbxFkcYJk0z6qOXXVuz8u1q3ycAhzDCZyCAxdQgxuoQwMEDOEZXuDVerLerHfr4ze6YuU/RzAH6/MHaaeT4Q==</latexit>

uy
<latexit sha1_base64="ZRM8AhXhj+5wxoMyJkFcjKdJAfU=">AAAB+HicbVC5TsNAFHwOVwhXgJJmRRSJKrIREpQRNJRBkENKrGi9eU5WWR/aXSMZy59ACy0douVv6PgUNsEFSZhq3sw8aTReLLjStv1lldbWNza3ytuVnd29/YPq4VFHRYlk2GaRiGTPowoFD7GtuRbYiyXSwBPY9aY3M7/7iFLxKHzQaYxuQMch9zmj2kj3yTAdVmt2w56DrBKnIDUo0BpWvwejiCUBhpoJqlTfsWPtZlRqzgTmlUGiMKZsSsfYNzSkASo3m1fNSd2PJNETJPP7bzajgVJp4JlMQPVELXsz8T+vn2j/ys14GCcaQ5aThUdP0inqvG4kPxFER2S2AhlxiUyL1BDKJDfNCZtQSZk2W1XMJM7yAKukc95w7IZzd1FrXhfjlOEETuEMHLiEJtxCC9rAYAzP8AKv1pP1Zr1bH7/RklX8HMMCrM8fazmT4g==</latexit><latexit sha1_base64="ZRM8AhXhj+5wxoMyJkFcjKdJAfU=">AAAB+HicbVC5TsNAFHwOVwhXgJJmRRSJKrIREpQRNJRBkENKrGi9eU5WWR/aXSMZy59ACy0douVv6PgUNsEFSZhq3sw8aTReLLjStv1lldbWNza3ytuVnd29/YPq4VFHRYlk2GaRiGTPowoFD7GtuRbYiyXSwBPY9aY3M7/7iFLxKHzQaYxuQMch9zmj2kj3yTAdVmt2w56DrBKnIDUo0BpWvwejiCUBhpoJqlTfsWPtZlRqzgTmlUGiMKZsSsfYNzSkASo3m1fNSd2PJNETJPP7bzajgVJp4JlMQPVELXsz8T+vn2j/ys14GCcaQ5aThUdP0inqvG4kPxFER2S2AhlxiUyL1BDKJDfNCZtQSZk2W1XMJM7yAKukc95w7IZzd1FrXhfjlOEETuEMHLiEJtxCC9rAYAzP8AKv1pP1Zr1bH7/RklX8HMMCrM8fazmT4g==</latexit><latexit sha1_base64="ZRM8AhXhj+5wxoMyJkFcjKdJAfU=">AAAB+HicbVC5TsNAFHwOVwhXgJJmRRSJKrIREpQRNJRBkENKrGi9eU5WWR/aXSMZy59ACy0douVv6PgUNsEFSZhq3sw8aTReLLjStv1lldbWNza3ytuVnd29/YPq4VFHRYlk2GaRiGTPowoFD7GtuRbYiyXSwBPY9aY3M7/7iFLxKHzQaYxuQMch9zmj2kj3yTAdVmt2w56DrBKnIDUo0BpWvwejiCUBhpoJqlTfsWPtZlRqzgTmlUGiMKZsSsfYNzSkASo3m1fNSd2PJNETJPP7bzajgVJp4JlMQPVELXsz8T+vn2j/ys14GCcaQ5aThUdP0inqvG4kPxFER2S2AhlxiUyL1BDKJDfNCZtQSZk2W1XMJM7yAKukc95w7IZzd1FrXhfjlOEETuEMHLiEJtxCC9rAYAzP8AKv1pP1Zr1bH7/RklX8HMMCrM8fazmT4g==</latexit><latexit sha1_base64="ZRM8AhXhj+5wxoMyJkFcjKdJAfU=">AAAB+HicbVC5TsNAFHwOVwhXgJJmRRSJKrIREpQRNJRBkENKrGi9eU5WWR/aXSMZy59ACy0douVv6PgUNsEFSZhq3sw8aTReLLjStv1lldbWNza3ytuVnd29/YPq4VFHRYlk2GaRiGTPowoFD7GtuRbYiyXSwBPY9aY3M7/7iFLxKHzQaYxuQMch9zmj2kj3yTAdVmt2w56DrBKnIDUo0BpWvwejiCUBhpoJqlTfsWPtZlRqzgTmlUGiMKZsSsfYNzSkASo3m1fNSd2PJNETJPP7bzajgVJp4JlMQPVELXsz8T+vn2j/ys14GCcaQ5aThUdP0inqvG4kPxFER2S2AhlxiUyL1BDKJDfNCZtQSZk2W1XMJM7yAKukc95w7IZzd1FrXhfjlOEETuEMHLiEJtxCC9rAYAzP8AKv1pP1Zr1bH7/RklX8HMMCrM8fazmT4g==</latexit>

H
0
D =

X

i

⇡i⌧i +m�z

<latexit sha1_base64="EvrlBM3s6MUuG4DlSLcpINX2hsM=">AAACGHicbVA9SwNBEN2LXzF+RS1tVoMoCOFOBG2EoBaWCkYDuXDMbSbJkt27Y3dOiCG1/8H/YKutndja2flTvMQUGn3Vm/fewMwLEyUtue6Hk5uanpmdy88XFhaXlleKq2vXNk6NwKqIVWxqIVhUMsIqSVJYSwyCDhXehN3ToX9zi8bKOLqiXoINDe1ItqQAyqSguHm+E5wd+zbVgeR+IgPpE6SB3NO+lW0NwV1QLLlldwT+l3hjUmJjXATFT78Zi1RjREKBtXXPTajRB0NSKBwU/NRiAqILbaxnNAKNttEfvTLg263YcOogH80/s33Q1vZ0mGU0UMdOekPxP6+eUuuo0ZdRkhJGYsB/LYYGukiD7UxqpYpTzIct8aY0KEj1MgLCyOxyLjpgQFDWZSGrxJss4C+53i97btm7PChVTsbl5NkG22K7zGOHrMLO2QWrMsHu2SN7Ys/Og/PivDpv39GcM95ZZ7/gvH8BEdigIw==</latexit><latexit sha1_base64="EvrlBM3s6MUuG4DlSLcpINX2hsM=">AAACGHicbVA9SwNBEN2LXzF+RS1tVoMoCOFOBG2EoBaWCkYDuXDMbSbJkt27Y3dOiCG1/8H/YKutndja2flTvMQUGn3Vm/fewMwLEyUtue6Hk5uanpmdy88XFhaXlleKq2vXNk6NwKqIVWxqIVhUMsIqSVJYSwyCDhXehN3ToX9zi8bKOLqiXoINDe1ItqQAyqSguHm+E5wd+zbVgeR+IgPpE6SB3NO+lW0NwV1QLLlldwT+l3hjUmJjXATFT78Zi1RjREKBtXXPTajRB0NSKBwU/NRiAqILbaxnNAKNttEfvTLg263YcOogH80/s33Q1vZ0mGU0UMdOekPxP6+eUuuo0ZdRkhJGYsB/LYYGukiD7UxqpYpTzIct8aY0KEj1MgLCyOxyLjpgQFDWZSGrxJss4C+53i97btm7PChVTsbl5NkG22K7zGOHrMLO2QWrMsHu2SN7Ys/Og/PivDpv39GcM95ZZ7/gvH8BEdigIw==</latexit><latexit sha1_base64="EvrlBM3s6MUuG4DlSLcpINX2hsM=">AAACGHicbVA9SwNBEN2LXzF+RS1tVoMoCOFOBG2EoBaWCkYDuXDMbSbJkt27Y3dOiCG1/8H/YKutndja2flTvMQUGn3Vm/fewMwLEyUtue6Hk5uanpmdy88XFhaXlleKq2vXNk6NwKqIVWxqIVhUMsIqSVJYSwyCDhXehN3ToX9zi8bKOLqiXoINDe1ItqQAyqSguHm+E5wd+zbVgeR+IgPpE6SB3NO+lW0NwV1QLLlldwT+l3hjUmJjXATFT78Zi1RjREKBtXXPTajRB0NSKBwU/NRiAqILbaxnNAKNttEfvTLg263YcOogH80/s33Q1vZ0mGU0UMdOekPxP6+eUuuo0ZdRkhJGYsB/LYYGukiD7UxqpYpTzIct8aY0KEj1MgLCyOxyLjpgQFDWZSGrxJss4C+53i97btm7PChVTsbl5NkG22K7zGOHrMLO2QWrMsHu2SN7Ys/Og/PivDpv39GcM95ZZ7/gvH8BEdigIw==</latexit><latexit sha1_base64="EvrlBM3s6MUuG4DlSLcpINX2hsM=">AAACGHicbVA9SwNBEN2LXzF+RS1tVoMoCOFOBG2EoBaWCkYDuXDMbSbJkt27Y3dOiCG1/8H/YKutndja2flTvMQUGn3Vm/fewMwLEyUtue6Hk5uanpmdy88XFhaXlleKq2vXNk6NwKqIVWxqIVhUMsIqSVJYSwyCDhXehN3ToX9zi8bKOLqiXoINDe1ItqQAyqSguHm+E5wd+zbVgeR+IgPpE6SB3NO+lW0NwV1QLLlldwT+l3hjUmJjXATFT78Zi1RjREKBtXXPTajRB0NSKBwU/NRiAqILbaxnNAKNttEfvTLg263YcOogH80/s33Q1vZ0mGU0UMdOekPxP6+eUuuo0ZdRkhJGYsB/LYYGukiD7UxqpYpTzIct8aY0KEj1MgLCyOxyLjpgQFDWZSGrxJss4C+53i97btm7PChVTsbl5NkG22K7zGOHrMLO2QWrMsHu2SN7Ys/Og/PivDpv39GcM95ZZ7/gvH8BEdigIw==</latexit>

H
0
D = HD

<latexit sha1_base64="He8drmzuODWmPtWhR2LoMopviD0=">AAAB/XicbVC7SgNBFJ2NrxhfUUubwRC0CrsiaCMETZEygnlAsiyzk7vJkNkHM3eFsCz+g622dmLrt9j5KW7iFibxVOeecy4cjhtJodE0v4zC2vrG5lZxu7Szu7d/UD486ugwVhzaPJSh6rlMgxQBtFGghF6kgPmuhK47uZv53UdQWoTBA04jsH02CoQnOMNM6jXPnMZN02k45YpZM+egq8TKSYXkaDnl78Ew5LEPAXLJtO5bZoR2whQKLiEtDWINEeMTNoJ+RgPmg7aTed+UVr1QURwDnd9/swnztZ76bpbxGY71sjcT//P6MXrXdiKCKEYIeEoXHl3FJoBpNZO8WFIM6WwKOhQKOMppRhhXImtO+ZgpxjEbrJRNYi0PsEo6FzXLrFn3l5X6bT5OkZyQU3JOLHJF6qRJWqRNOJHkmbyQV+PJeDPejY/faMHIf47JAozPH56NlQE=</latexit><latexit sha1_base64="He8drmzuODWmPtWhR2LoMopviD0=">AAAB/XicbVC7SgNBFJ2NrxhfUUubwRC0CrsiaCMETZEygnlAsiyzk7vJkNkHM3eFsCz+g622dmLrt9j5KW7iFibxVOeecy4cjhtJodE0v4zC2vrG5lZxu7Szu7d/UD486ugwVhzaPJSh6rlMgxQBtFGghF6kgPmuhK47uZv53UdQWoTBA04jsH02CoQnOMNM6jXPnMZN02k45YpZM+egq8TKSYXkaDnl78Ew5LEPAXLJtO5bZoR2whQKLiEtDWINEeMTNoJ+RgPmg7aTed+UVr1QURwDnd9/swnztZ76bpbxGY71sjcT//P6MXrXdiKCKEYIeEoXHl3FJoBpNZO8WFIM6WwKOhQKOMppRhhXImtO+ZgpxjEbrJRNYi0PsEo6FzXLrFn3l5X6bT5OkZyQU3JOLHJF6qRJWqRNOJHkmbyQV+PJeDPejY/faMHIf47JAozPH56NlQE=</latexit><latexit sha1_base64="He8drmzuODWmPtWhR2LoMopviD0=">AAAB/XicbVC7SgNBFJ2NrxhfUUubwRC0CrsiaCMETZEygnlAsiyzk7vJkNkHM3eFsCz+g622dmLrt9j5KW7iFibxVOeecy4cjhtJodE0v4zC2vrG5lZxu7Szu7d/UD486ugwVhzaPJSh6rlMgxQBtFGghF6kgPmuhK47uZv53UdQWoTBA04jsH02CoQnOMNM6jXPnMZN02k45YpZM+egq8TKSYXkaDnl78Ew5LEPAXLJtO5bZoR2whQKLiEtDWINEeMTNoJ+RgPmg7aTed+UVr1QURwDnd9/swnztZ76bpbxGY71sjcT//P6MXrXdiKCKEYIeEoXHl3FJoBpNZO8WFIM6WwKOhQKOMppRhhXImtO+ZgpxjEbrJRNYi0PsEo6FzXLrFn3l5X6bT5OkZyQU3JOLHJF6qRJWqRNOJHkmbyQV+PJeDPejY/faMHIf47JAozPH56NlQE=</latexit><latexit sha1_base64="He8drmzuODWmPtWhR2LoMopviD0=">AAAB/XicbVC7SgNBFJ2NrxhfUUubwRC0CrsiaCMETZEygnlAsiyzk7vJkNkHM3eFsCz+g622dmLrt9j5KW7iFibxVOeecy4cjhtJodE0v4zC2vrG5lZxu7Szu7d/UD486ugwVhzaPJSh6rlMgxQBtFGghF6kgPmuhK47uZv53UdQWoTBA04jsH02CoQnOMNM6jXPnMZN02k45YpZM+egq8TKSYXkaDnl78Ew5LEPAXLJtO5bZoR2whQKLiEtDWINEeMTNoJ+RgPmg7aTed+UVr1QURwDnd9/swnztZ76bpbxGY71sjcT//P6MXrXdiKCKEYIeEoXHl3FJoBpNZO8WFIM6WwKOhQKOMppRhhXImtO+ZgpxjEbrJRNYi0PsEo6FzXLrFn3l5X6bT5OkZyQU3JOLHJF6qRJWqRNOJHkmbyQV+PJeDPejY/faMHIf47JAozPH56NlQE=</latexit>

III. Hexagonal and 
triangular grid QWs



X

i

⇡i⌧i = �xpx + �ypy
<latexit sha1_base64="JzIinRRLGu+KiX7+EVnWj3j88Ew=">AAACLnicbVBNS8NAEN34bf2qevSyWARBKIkIehFELx4VrApNCZN12i7dTcLuRAwhP8X/4H/wqlfBg+jRn2FSK/j1DjvvzbyB2RcmSlpy3WdnbHxicmp6ZrY2N7+wuFRfXjm3cWoEtkSsYnMZgkUlI2yRJIWXiUHQocKLcHBUzS+u0VgZR2eUJdjR0ItkVwqgshXUd32b6iCXhZ/IYSFIq7rvW9nTEOQ3RVI9W186q3RWBPWG23SH4H+JNyINNsJJUH/zr2KRaoxIKLC27bkJdXIwJIXCouanFhMQA+hhu6QRaLSdfPjBgm90Y8Opj3yov3tz0NZmOiw9Gqhvf8+q5n+zdkrdvU4uoyQljETBfyyGBgZIxUbZ6qaKU8yr7PiVNChIZSUBYWR5ORd9MCCoTLhWRuL9DuAvOd9uem7TO91pHByOwplha2ydbTKP7bIDdsxOWIsJdsvu2QN7dO6cJ+fFef20jjmjnVX2A877Bzzaq/o=</latexit><latexit sha1_base64="JzIinRRLGu+KiX7+EVnWj3j88Ew=">AAACLnicbVBNS8NAEN34bf2qevSyWARBKIkIehFELx4VrApNCZN12i7dTcLuRAwhP8X/4H/wqlfBg+jRn2FSK/j1DjvvzbyB2RcmSlpy3WdnbHxicmp6ZrY2N7+wuFRfXjm3cWoEtkSsYnMZgkUlI2yRJIWXiUHQocKLcHBUzS+u0VgZR2eUJdjR0ItkVwqgshXUd32b6iCXhZ/IYSFIq7rvW9nTEOQ3RVI9W186q3RWBPWG23SH4H+JNyINNsJJUH/zr2KRaoxIKLC27bkJdXIwJIXCouanFhMQA+hhu6QRaLSdfPjBgm90Y8Opj3yov3tz0NZmOiw9Gqhvf8+q5n+zdkrdvU4uoyQljETBfyyGBgZIxUbZ6qaKU8yr7PiVNChIZSUBYWR5ORd9MCCoTLhWRuL9DuAvOd9uem7TO91pHByOwplha2ydbTKP7bIDdsxOWIsJdsvu2QN7dO6cJ+fFef20jjmjnVX2A877Bzzaq/o=</latexit><latexit sha1_base64="JzIinRRLGu+KiX7+EVnWj3j88Ew=">AAACLnicbVBNS8NAEN34bf2qevSyWARBKIkIehFELx4VrApNCZN12i7dTcLuRAwhP8X/4H/wqlfBg+jRn2FSK/j1DjvvzbyB2RcmSlpy3WdnbHxicmp6ZrY2N7+wuFRfXjm3cWoEtkSsYnMZgkUlI2yRJIWXiUHQocKLcHBUzS+u0VgZR2eUJdjR0ItkVwqgshXUd32b6iCXhZ/IYSFIq7rvW9nTEOQ3RVI9W186q3RWBPWG23SH4H+JNyINNsJJUH/zr2KRaoxIKLC27bkJdXIwJIXCouanFhMQA+hhu6QRaLSdfPjBgm90Y8Opj3yov3tz0NZmOiw9Gqhvf8+q5n+zdkrdvU4uoyQljETBfyyGBgZIxUbZ6qaKU8yr7PiVNChIZSUBYWR5ORd9MCCoTLhWRuL9DuAvOd9uem7TO91pHByOwplha2ydbTKP7bIDdsxOWIsJdsvu2QN7dO6cJ+fFef20jjmjnVX2A877Bzzaq/o=</latexit><latexit sha1_base64="JzIinRRLGu+KiX7+EVnWj3j88Ew=">AAACLnicbVBNS8NAEN34bf2qevSyWARBKIkIehFELx4VrApNCZN12i7dTcLuRAwhP8X/4H/wqlfBg+jRn2FSK/j1DjvvzbyB2RcmSlpy3WdnbHxicmp6ZrY2N7+wuFRfXjm3cWoEtkSsYnMZgkUlI2yRJIWXiUHQocKLcHBUzS+u0VgZR2eUJdjR0ItkVwqgshXUd32b6iCXhZ/IYSFIq7rvW9nTEOQ3RVI9W186q3RWBPWG23SH4H+JNyINNsJJUH/zr2KRaoxIKLC27bkJdXIwJIXCouanFhMQA+hhu6QRaLSdfPjBgm90Y8Opj3yov3tz0NZmOiw9Gqhvf8+q5n+zdkrdvU4uoyQljETBfyyGBgZIxUbZ6qaKU8yr7PiVNChIZSUBYWR5ORd9MCCoTLhWRuL9DuAvOd9uem7TO91pHByOwplha2ydbTKP7bIDdsxOWIsJdsvu2QN7dO6cJ+fFef20jjmjnVX2A877Bzzaq/o=</latexit>

In order to find the      matrices ⌧i
<latexit sha1_base64="oNJVRSY09/YJ9erSkn7pxFJJaNg=">AAAB+3icbVA9TwJBFNzDL8Qv1NJmIyGxInfGREuijSUmAiZwIe+Wd7Cy95Hddybkcv/BVls7Y+uPsfOneOAVAk41b2ZeMhkvVtKQbX9ZpbX1jc2t8nZlZ3dv/6B6eNQxUaIFtkWkIv3ggUElQ2yTJIUPsUYIPIVdb3Iz87tPqI2MwnuaxugGMAqlLwVQLnX6BMlADqo1u2HPwVeJU5AaK9AaVL/7w0gkAYYkFBjTc+yY3BQ0SaEwq/QTgzGICYywl9MQAjRuOm+b8bofaU5j5PP7bzaFwJhp4OWZAGhslr2Z+J/XS8i/clMZxglhKDK+8OhpmCBl9VzyE8Up4rMh+FBqFKSmOQGhZd6cizFoEJTPVckncZYHWCWd84ZjN5y7i1rzuhinzE7YKTtjDrtkTXbLWqzNBHtkz+yFvVqZ9Wa9Wx+/0ZJV/ByzBVifP6TQlSE=</latexit><latexit sha1_base64="oNJVRSY09/YJ9erSkn7pxFJJaNg=">AAAB+3icbVA9TwJBFNzDL8Qv1NJmIyGxInfGREuijSUmAiZwIe+Wd7Cy95Hddybkcv/BVls7Y+uPsfOneOAVAk41b2ZeMhkvVtKQbX9ZpbX1jc2t8nZlZ3dv/6B6eNQxUaIFtkWkIv3ggUElQ2yTJIUPsUYIPIVdb3Iz87tPqI2MwnuaxugGMAqlLwVQLnX6BMlADqo1u2HPwVeJU5AaK9AaVL/7w0gkAYYkFBjTc+yY3BQ0SaEwq/QTgzGICYywl9MQAjRuOm+b8bofaU5j5PP7bzaFwJhp4OWZAGhslr2Z+J/XS8i/clMZxglhKDK+8OhpmCBl9VzyE8Up4rMh+FBqFKSmOQGhZd6cizFoEJTPVckncZYHWCWd84ZjN5y7i1rzuhinzE7YKTtjDrtkTXbLWqzNBHtkz+yFvVqZ9Wa9Wx+/0ZJV/ByzBVifP6TQlSE=</latexit><latexit sha1_base64="oNJVRSY09/YJ9erSkn7pxFJJaNg=">AAAB+3icbVA9TwJBFNzDL8Qv1NJmIyGxInfGREuijSUmAiZwIe+Wd7Cy95Hddybkcv/BVls7Y+uPsfOneOAVAk41b2ZeMhkvVtKQbX9ZpbX1jc2t8nZlZ3dv/6B6eNQxUaIFtkWkIv3ggUElQ2yTJIUPsUYIPIVdb3Iz87tPqI2MwnuaxugGMAqlLwVQLnX6BMlADqo1u2HPwVeJU5AaK9AaVL/7w0gkAYYkFBjTc+yY3BQ0SaEwq/QTgzGICYywl9MQAjRuOm+b8bofaU5j5PP7bzaFwJhp4OWZAGhslr2Z+J/XS8i/clMZxglhKDK+8OhpmCBl9VzyE8Up4rMh+FBqFKSmOQGhZd6cizFoEJTPVckncZYHWCWd84ZjN5y7i1rzuhinzE7YKTtjDrtkTXbLWqzNBHtkz+yFvVqZ9Wa9Wx+/0ZJV/ByzBVifP6TQlSE=</latexit><latexit sha1_base64="oNJVRSY09/YJ9erSkn7pxFJJaNg=">AAAB+3icbVA9TwJBFNzDL8Qv1NJmIyGxInfGREuijSUmAiZwIe+Wd7Cy95Hddybkcv/BVls7Y+uPsfOneOAVAk41b2ZeMhkvVtKQbX9ZpbX1jc2t8nZlZ3dv/6B6eNQxUaIFtkWkIv3ggUElQ2yTJIUPsUYIPIVdb3Iz87tPqI2MwnuaxugGMAqlLwVQLnX6BMlADqo1u2HPwVeJU5AaK9AaVL/7w0gkAYYkFBjTc+yY3BQ0SaEwq/QTgzGICYywl9MQAjRuOm+b8bofaU5j5PP7bzaFwJhp4OWZAGhslr2Z+J/XS8i/clMZxglhKDK+8OhpmCBl9VzyE8Up4rMh+FBqFKSmOQGhZd6cizFoEJTPVckncZYHWCWd84ZjN5y7i1rzuhinzE7YKTtjDrtkTXbLWqzNBHtkz+yFvVqZ9Wa9Wx+/0ZJV/ByzBVifP6TQlSE=</latexit>

i)

ii) {1,�1}
<latexit sha1_base64="62VkQKB/Men3Wlf9sVaLIjoFE78=">AAAB/XicbVC7SgNBFJ31GeMramkzGAIWGnZF0DJoYxnBPCC7hNnJ3WTI7IOZu0JYFv/BVls7sfVb7PwUJ3ELk3iqc885Fw7HT6TQaNtf1srq2vrGZmmrvL2zu7dfOThs6zhVHFo8lrHq+kyDFBG0UKCEbqKAhb6Ejj++nfqdR1BaxNEDThLwQjaMRCA4QyN13cw5O3fcvF+p2nV7BrpMnIJUSYFmv/LtDmKehhAhl0zrnmMn6GVMoeAS8rKbakgYH7Mh9AyNWAjay2Z9c1oLYkVxBHR2/81mLNR6EvomEzIc6UVvKv7n9VIMrr1MREmKEPGczj36io0B85qRglRSjOl0CjoQCjjKiSGMK2GaUz5iinE0g5XNJM7iAMukfVF37Lpzf1lt3BTjlMgxOSGnxCFXpEHuSJO0CCeSPJMX8mo9WW/Wu/XxG12xip8jMgfr8wfsXJUy</latexit><latexit sha1_base64="62VkQKB/Men3Wlf9sVaLIjoFE78=">AAAB/XicbVC7SgNBFJ31GeMramkzGAIWGnZF0DJoYxnBPCC7hNnJ3WTI7IOZu0JYFv/BVls7sfVb7PwUJ3ELk3iqc885Fw7HT6TQaNtf1srq2vrGZmmrvL2zu7dfOThs6zhVHFo8lrHq+kyDFBG0UKCEbqKAhb6Ejj++nfqdR1BaxNEDThLwQjaMRCA4QyN13cw5O3fcvF+p2nV7BrpMnIJUSYFmv/LtDmKehhAhl0zrnmMn6GVMoeAS8rKbakgYH7Mh9AyNWAjay2Z9c1oLYkVxBHR2/81mLNR6EvomEzIc6UVvKv7n9VIMrr1MREmKEPGczj36io0B85qRglRSjOl0CjoQCjjKiSGMK2GaUz5iinE0g5XNJM7iAMukfVF37Lpzf1lt3BTjlMgxOSGnxCFXpEHuSJO0CCeSPJMX8mo9WW/Wu/XxG12xip8jMgfr8wfsXJUy</latexit><latexit sha1_base64="62VkQKB/Men3Wlf9sVaLIjoFE78=">AAAB/XicbVC7SgNBFJ31GeMramkzGAIWGnZF0DJoYxnBPCC7hNnJ3WTI7IOZu0JYFv/BVls7sfVb7PwUJ3ELk3iqc885Fw7HT6TQaNtf1srq2vrGZmmrvL2zu7dfOThs6zhVHFo8lrHq+kyDFBG0UKCEbqKAhb6Ejj++nfqdR1BaxNEDThLwQjaMRCA4QyN13cw5O3fcvF+p2nV7BrpMnIJUSYFmv/LtDmKehhAhl0zrnmMn6GVMoeAS8rKbakgYH7Mh9AyNWAjay2Z9c1oLYkVxBHR2/81mLNR6EvomEzIc6UVvKv7n9VIMrr1MREmKEPGczj36io0B85qRglRSjOl0CjoQCjjKiSGMK2GaUz5iinE0g5XNJM7iAMukfVF37Lpzf1lt3BTjlMgxOSGnxCFXpEHuSJO0CCeSPJMX8mo9WW/Wu/XxG12xip8jMgfr8wfsXJUy</latexit><latexit sha1_base64="62VkQKB/Men3Wlf9sVaLIjoFE78=">AAAB/XicbVC7SgNBFJ31GeMramkzGAIWGnZF0DJoYxnBPCC7hNnJ3WTI7IOZu0JYFv/BVls7sfVb7PwUJ3ELk3iqc885Fw7HT6TQaNtf1srq2vrGZmmrvL2zu7dfOThs6zhVHFo8lrHq+kyDFBG0UKCEbqKAhb6Ejj++nfqdR1BaxNEDThLwQjaMRCA4QyN13cw5O3fcvF+p2nV7BrpMnIJUSYFmv/LtDmKehhAhl0zrnmMn6GVMoeAS8rKbakgYH7Mh9AyNWAjay2Z9c1oLYkVxBHR2/81mLNR6EvomEzIc6UVvKv7n9VIMrr1MREmKEPGczj36io0B85qRglRSjOl0CjoQCjjKiSGMK2GaUz5iinE0g5XNJM7iAMukfVF37Lpzf1lt3BTjlMgxOSGnxCFXpEHuSJO0CCeSPJMX8mo9WW/Wu/XxG12xip8jMgfr8wfsXJUy</latexit>

eigenvalues

⌧i = U†
i �zUi

<latexit sha1_base64="Ei/mF9ftZ+oizhcSgGMBfJZ1CiA=">AAACHnicbVDLSsNAFJ34tr6qLt0MFtFVSUTQjVB041LBqNDUcDO9TYdOHszcCDXkE/wH/8Gtbt2JW935KSa1C19ndV4XZk6QKmnItt+ticmp6ZnZufnawuLS8kp9de3CJJkW6IpEJfoqAINKxuiSJIVXqUaIAoWXweC4yi9vUBuZxOc0TLETQRjLnhRApeXXtz2CzM9lcehe514XwhB1UWnPyDACP78t3Er69YbdtEfgf4kzJg02xqlf//C6icgijEkoMKbt2Cl1ctAkhcKi5mUGUxADCLFd0hgiNJ189KGCb/USzamPfKS/d3OIjBlGQdmJgPrmd1aZ/2XtjHoHnVzGaUYYi4L/OAw0DJCKrdLqZYpTwquteFdqFKSGJQGhZflyLvqgQVC5aK2cxPk9wF9ysdt07KZzttdoHY3HmWMbbJPtMIftsxY7YafMZYLdsQf2yJ6se+vZerFev6oT1vhmnf2A9fYJn4SkVQ==</latexit><latexit sha1_base64="Ei/mF9ftZ+oizhcSgGMBfJZ1CiA=">AAACHnicbVDLSsNAFJ34tr6qLt0MFtFVSUTQjVB041LBqNDUcDO9TYdOHszcCDXkE/wH/8Gtbt2JW935KSa1C19ndV4XZk6QKmnItt+ticmp6ZnZufnawuLS8kp9de3CJJkW6IpEJfoqAINKxuiSJIVXqUaIAoWXweC4yi9vUBuZxOc0TLETQRjLnhRApeXXtz2CzM9lcehe514XwhB1UWnPyDACP78t3Er69YbdtEfgf4kzJg02xqlf//C6icgijEkoMKbt2Cl1ctAkhcKi5mUGUxADCLFd0hgiNJ189KGCb/USzamPfKS/d3OIjBlGQdmJgPrmd1aZ/2XtjHoHnVzGaUYYi4L/OAw0DJCKrdLqZYpTwquteFdqFKSGJQGhZflyLvqgQVC5aK2cxPk9wF9ysdt07KZzttdoHY3HmWMbbJPtMIftsxY7YafMZYLdsQf2yJ6se+vZerFev6oT1vhmnf2A9fYJn4SkVQ==</latexit><latexit sha1_base64="Ei/mF9ftZ+oizhcSgGMBfJZ1CiA=">AAACHnicbVDLSsNAFJ34tr6qLt0MFtFVSUTQjVB041LBqNDUcDO9TYdOHszcCDXkE/wH/8Gtbt2JW935KSa1C19ndV4XZk6QKmnItt+ticmp6ZnZufnawuLS8kp9de3CJJkW6IpEJfoqAINKxuiSJIVXqUaIAoWXweC4yi9vUBuZxOc0TLETQRjLnhRApeXXtz2CzM9lcehe514XwhB1UWnPyDACP78t3Er69YbdtEfgf4kzJg02xqlf//C6icgijEkoMKbt2Cl1ctAkhcKi5mUGUxADCLFd0hgiNJ189KGCb/USzamPfKS/d3OIjBlGQdmJgPrmd1aZ/2XtjHoHnVzGaUYYi4L/OAw0DJCKrdLqZYpTwquteFdqFKSGJQGhZflyLvqgQVC5aK2cxPk9wF9ysdt07KZzttdoHY3HmWMbbJPtMIftsxY7YafMZYLdsQf2yJ6se+vZerFev6oT1vhmnf2A9fYJn4SkVQ==</latexit><latexit sha1_base64="Ei/mF9ftZ+oizhcSgGMBfJZ1CiA=">AAACHnicbVDLSsNAFJ34tr6qLt0MFtFVSUTQjVB041LBqNDUcDO9TYdOHszcCDXkE/wH/8Gtbt2JW935KSa1C19ndV4XZk6QKmnItt+ticmp6ZnZufnawuLS8kp9de3CJJkW6IpEJfoqAINKxuiSJIVXqUaIAoWXweC4yi9vUBuZxOc0TLETQRjLnhRApeXXtz2CzM9lcehe514XwhB1UWnPyDACP78t3Er69YbdtEfgf4kzJg02xqlf//C6icgijEkoMKbt2Cl1ctAkhcKi5mUGUxADCLFd0hgiNJ189KGCb/USzamPfKS/d3OIjBlGQdmJgPrmd1aZ/2XtjHoHnVzGaUYYi4L/OAw0DJCKrdLqZYpTwquteFdqFKSGJQGhZflyLvqgQVC5aK2cxPk9wF9ysdt07KZzttdoHY3HmWMbbJPtMIftsxY7YafMZYLdsQf2yJ6se+vZerFev6oT1vhmnf2A9fYJn4SkVQ==</latexit>

⌧0 =
2

3
�x + ⇠�z

⌧1 = �1

3
�x +

p
3

3
�y + ⇠�z

⌧2 = �1

3
�x �

p
3

3
�y + ⇠�z

<latexit sha1_base64="oZXIi93PyAyQCE18T6ouBG+CszY="></latexit><latexit sha1_base64="oZXIi93PyAyQCE18T6ouBG+CszY="></latexit><latexit sha1_base64="oZXIi93PyAyQCE18T6ouBG+CszY="></latexit><latexit sha1_base64="oZXIi93PyAyQCE18T6ouBG+CszY="></latexit>

Unique solution, up to a sign

⇠ = ±
p
5

3
<latexit sha1_base64="+W513GVSMBK7iU1KTIZ+w2+n7JY=">AAACEXicbZC7SgNBFIZnvcZ4i9ppMxgCVmHXC9oIQRvLCOYC2RBmJ2fNkNmLM2fFsCz4Dr6DrbZ2YusT2PkoTmIKk3iqf/7/P3Dm82IpNNr2lzU3v7C4tJxbya+urW9sFra26zpKFIcaj2Skmh7TIEUINRQooRkrYIEnoeH1L4d54x6UFlF4g4MY2gG7DYUvOENjdQq77oM4d+OAur5iPHX1ncL0JMvSo6xTKNplezR0VjhjUSTjqXYK32434kkAIXLJtG45doztlCkUXEKWdxMNMeN9dgstI0MWgG6noz9ktORHimIP6Oj9t5uyQOtB4JlOwLCnp7Oh+V/WStA/a6cijBOEkGd0YtFTrA+YlYzlJ5JiRId4aFco4CgHRjCuhLmc8h4zaNBAzBskzjSAWVE/LDt22bk+LlYuxnByZI/skwPikFNSIVekSmqEk0fyTF7Iq/VkvVnv1sdvdc4a7+yQibE+fwDFa53t</latexit><latexit sha1_base64="+W513GVSMBK7iU1KTIZ+w2+n7JY=">AAACEXicbZC7SgNBFIZnvcZ4i9ppMxgCVmHXC9oIQRvLCOYC2RBmJ2fNkNmLM2fFsCz4Dr6DrbZ2YusT2PkoTmIKk3iqf/7/P3Dm82IpNNr2lzU3v7C4tJxbya+urW9sFra26zpKFIcaj2Skmh7TIEUINRQooRkrYIEnoeH1L4d54x6UFlF4g4MY2gG7DYUvOENjdQq77oM4d+OAur5iPHX1ncL0JMvSo6xTKNplezR0VjhjUSTjqXYK32434kkAIXLJtG45doztlCkUXEKWdxMNMeN9dgstI0MWgG6noz9ktORHimIP6Oj9t5uyQOtB4JlOwLCnp7Oh+V/WStA/a6cijBOEkGd0YtFTrA+YlYzlJ5JiRId4aFco4CgHRjCuhLmc8h4zaNBAzBskzjSAWVE/LDt22bk+LlYuxnByZI/skwPikFNSIVekSmqEk0fyTF7Iq/VkvVnv1sdvdc4a7+yQibE+fwDFa53t</latexit><latexit sha1_base64="+W513GVSMBK7iU1KTIZ+w2+n7JY=">AAACEXicbZC7SgNBFIZnvcZ4i9ppMxgCVmHXC9oIQRvLCOYC2RBmJ2fNkNmLM2fFsCz4Dr6DrbZ2YusT2PkoTmIKk3iqf/7/P3Dm82IpNNr2lzU3v7C4tJxbya+urW9sFra26zpKFIcaj2Skmh7TIEUINRQooRkrYIEnoeH1L4d54x6UFlF4g4MY2gG7DYUvOENjdQq77oM4d+OAur5iPHX1ncL0JMvSo6xTKNplezR0VjhjUSTjqXYK32434kkAIXLJtG45doztlCkUXEKWdxMNMeN9dgstI0MWgG6noz9ktORHimIP6Oj9t5uyQOtB4JlOwLCnp7Oh+V/WStA/a6cijBOEkGd0YtFTrA+YlYzlJ5JiRId4aFco4CgHRjCuhLmc8h4zaNBAzBskzjSAWVE/LDt22bk+LlYuxnByZI/skwPikFNSIVekSmqEk0fyTF7Iq/VkvVnv1sdvdc4a7+yQibE+fwDFa53t</latexit><latexit sha1_base64="+W513GVSMBK7iU1KTIZ+w2+n7JY=">AAACEXicbZC7SgNBFIZnvcZ4i9ppMxgCVmHXC9oIQRvLCOYC2RBmJ2fNkNmLM2fFsCz4Dr6DrbZ2YusT2PkoTmIKk3iqf/7/P3Dm82IpNNr2lzU3v7C4tJxbya+urW9sFra26zpKFIcaj2Skmh7TIEUINRQooRkrYIEnoeH1L4d54x6UFlF4g4MY2gG7DYUvOENjdQq77oM4d+OAur5iPHX1ncL0JMvSo6xTKNplezR0VjhjUSTjqXYK32434kkAIXLJtG45doztlCkUXEKWdxMNMeN9dgstI0MWgG6noz9ktORHimIP6Oj9t5uyQOtB4JlOwLCnp7Oh+V/WStA/a6cijBOEkGd0YtFTrA+YlYzlJ5JiRId4aFco4CgHRjCuhLmc8h4zaNBAzBskzjSAWVE/LDt22bk+LlYuxnByZI/skwPikFNSIVekSmqEk0fyTF7Iq/VkvVnv1sdvdc4a7+yQibE+fwDFa53t</latexit>

III. Hexagonal and 
triangular QWs



Let’s define a QW over this hexagonal grid such a 
in the continuous limit recovers  

| (t+ ✏)i = e�i✏HD | (t)i
<latexit sha1_base64="LO82K0h35C2yPSBi3LHCFTfQa2s=">AAACL3icbVDLSgNBEJyNrxhfqx69DIaAIoZdEcxFCOrBYwQTA9kYZiedZMjsg5leISz7K/6D/+BVr+JFvPoXTmIENdZlqquqYbr8WAqNjvNq5ebmFxaX8suFldW19Q17c6uho0RxqPNIRqrpMw1ShFBHgRKasQIW+BJu/OH52L+5A6VFFF7jKIZ2wPqh6AnO0Egdu+INAVMv1mIPDzwwr4zC/ewUbtND8T3Ty056kWU/ovtZxy46ZWcCOkvcKSmSKWod+93rRjwJIEQumdYt14mxnTKFgkvICl6iIWZ8yPrQMjRkAeh2Orkwo6VepCgOgE7mn9mUBVqPAt9kAoYD/dcbi/95rQR7lXYqwjhBCHlGfy36ipljs5KReomkGNFxebQrFHCUI0MYV8L8nPIBU4yjqbhgKnH/FjBLGkdl1ym7V8fF6tm0nDzZIbtkj7jkhFTJJamROuHknjySJ/JsPVgv1pv1/hXNWdOdbfIL1scnjauqSg==</latexit><latexit sha1_base64="LO82K0h35C2yPSBi3LHCFTfQa2s=">AAACL3icbVDLSgNBEJyNrxhfqx69DIaAIoZdEcxFCOrBYwQTA9kYZiedZMjsg5leISz7K/6D/+BVr+JFvPoXTmIENdZlqquqYbr8WAqNjvNq5ebmFxaX8suFldW19Q17c6uho0RxqPNIRqrpMw1ShFBHgRKasQIW+BJu/OH52L+5A6VFFF7jKIZ2wPqh6AnO0Egdu+INAVMv1mIPDzwwr4zC/ewUbtND8T3Ty056kWU/ovtZxy46ZWcCOkvcKSmSKWod+93rRjwJIEQumdYt14mxnTKFgkvICl6iIWZ8yPrQMjRkAeh2Orkwo6VepCgOgE7mn9mUBVqPAt9kAoYD/dcbi/95rQR7lXYqwjhBCHlGfy36ipljs5KReomkGNFxebQrFHCUI0MYV8L8nPIBU4yjqbhgKnH/FjBLGkdl1ym7V8fF6tm0nDzZIbtkj7jkhFTJJamROuHknjySJ/JsPVgv1pv1/hXNWdOdbfIL1scnjauqSg==</latexit><latexit sha1_base64="LO82K0h35C2yPSBi3LHCFTfQa2s=">AAACL3icbVDLSgNBEJyNrxhfqx69DIaAIoZdEcxFCOrBYwQTA9kYZiedZMjsg5leISz7K/6D/+BVr+JFvPoXTmIENdZlqquqYbr8WAqNjvNq5ebmFxaX8suFldW19Q17c6uho0RxqPNIRqrpMw1ShFBHgRKasQIW+BJu/OH52L+5A6VFFF7jKIZ2wPqh6AnO0Egdu+INAVMv1mIPDzwwr4zC/ewUbtND8T3Ty056kWU/ovtZxy46ZWcCOkvcKSmSKWod+93rRjwJIEQumdYt14mxnTKFgkvICl6iIWZ8yPrQMjRkAeh2Orkwo6VepCgOgE7mn9mUBVqPAt9kAoYD/dcbi/95rQR7lXYqwjhBCHlGfy36ipljs5KReomkGNFxebQrFHCUI0MYV8L8nPIBU4yjqbhgKnH/FjBLGkdl1ym7V8fF6tm0nDzZIbtkj7jkhFTJJamROuHknjySJ/JsPVgv1pv1/hXNWdOdbfIL1scnjauqSg==</latexit><latexit sha1_base64="LO82K0h35C2yPSBi3LHCFTfQa2s=">AAACL3icbVDLSgNBEJyNrxhfqx69DIaAIoZdEcxFCOrBYwQTA9kYZiedZMjsg5leISz7K/6D/+BVr+JFvPoXTmIENdZlqquqYbr8WAqNjvNq5ebmFxaX8suFldW19Q17c6uho0RxqPNIRqrpMw1ShFBHgRKasQIW+BJu/OH52L+5A6VFFF7jKIZ2wPqh6AnO0Egdu+INAVMv1mIPDzwwr4zC/ewUbtND8T3Ty056kWU/ovtZxy46ZWcCOkvcKSmSKWod+93rRjwJIEQumdYt14mxnTKFgkvICl6iIWZ8yPrQMjRkAeh2Orkwo6VepCgOgE7mn9mUBVqPAt9kAoYD/dcbi/95rQR7lXYqwjhBCHlGfy36ipljs5KReomkGNFxebQrFHCUI0MYV8L8nPIBU4yjqbhgKnH/FjBLGkdl1ym7V8fF6tm0nDzZIbtkj7jkhFTJJamROuHknjySJ/JsPVgv1pv1/hXNWdOdbfIL1scnjauqSg==</latexit>

HD
<latexit sha1_base64="IzcNlLT4SOO6drYmujCBs0jvqeg=">AAAB+nicbVA9TwJBFNzzE/ELtbTZSEisyJ0x0ZKoBSUmHpDAhewt72DD3kd235mQ836DrbZ2xtY/Y+dPccErBJxq3sy8ZDJ+IoVG2/6y1tY3Nre2Szvl3b39g8PK0XFbx6ni4PJYxqrrMw1SROCiQAndRAELfQkdf3I78zuPoLSIowecJuCFbBSJQHCGRnKbg+wuH1Sqdt2eg64SpyBVUqA1qHz3hzFPQ4iQS6Z1z7ET9DKmUHAJebmfakgYn7AR9AyNWAjay+Zlc1oLYkVxDHR+/81mLNR6GvomEzIc62VvJv7n9VIMrr1MREmKEPGcLjz6ik0A85qRglRSjOlsBzoUCjjKqSGMK2GaUz5minE0a5XNJM7yAKukfVF37Lpzf1lt3BTjlMgpOSPnxCFXpEGapEVcwokgz+SFvFpP1pv1bn38Rtes4ueELMD6/AGi8JSM</latexit><latexit sha1_base64="IzcNlLT4SOO6drYmujCBs0jvqeg=">AAAB+nicbVA9TwJBFNzzE/ELtbTZSEisyJ0x0ZKoBSUmHpDAhewt72DD3kd235mQ836DrbZ2xtY/Y+dPccErBJxq3sy8ZDJ+IoVG2/6y1tY3Nre2Szvl3b39g8PK0XFbx6ni4PJYxqrrMw1SROCiQAndRAELfQkdf3I78zuPoLSIowecJuCFbBSJQHCGRnKbg+wuH1Sqdt2eg64SpyBVUqA1qHz3hzFPQ4iQS6Z1z7ET9DKmUHAJebmfakgYn7AR9AyNWAjay+Zlc1oLYkVxDHR+/81mLNR6GvomEzIc62VvJv7n9VIMrr1MREmKEPGcLjz6ik0A85qRglRSjOlsBzoUCjjKqSGMK2GaUz5minE0a5XNJM7yAKukfVF37Lpzf1lt3BTjlMgpOSPnxCFXpEGapEVcwokgz+SFvFpP1pv1bn38Rtes4ueELMD6/AGi8JSM</latexit><latexit sha1_base64="IzcNlLT4SOO6drYmujCBs0jvqeg=">AAAB+nicbVA9TwJBFNzzE/ELtbTZSEisyJ0x0ZKoBSUmHpDAhewt72DD3kd235mQ836DrbZ2xtY/Y+dPccErBJxq3sy8ZDJ+IoVG2/6y1tY3Nre2Szvl3b39g8PK0XFbx6ni4PJYxqrrMw1SROCiQAndRAELfQkdf3I78zuPoLSIowecJuCFbBSJQHCGRnKbg+wuH1Sqdt2eg64SpyBVUqA1qHz3hzFPQ4iQS6Z1z7ET9DKmUHAJebmfakgYn7AR9AyNWAjay+Zlc1oLYkVxDHR+/81mLNR6GvomEzIc62VvJv7n9VIMrr1MREmKEPGcLjz6ik0A85qRglRSjOlsBzoUCjjKqSGMK2GaUz5minE0a5XNJM7yAKukfVF37Lpzf1lt3BTjlMgpOSPnxCFXpEGapEVcwokgz+SFvFpP1pv1bn38Rtes4ueELMD6/AGi8JSM</latexit><latexit sha1_base64="IzcNlLT4SOO6drYmujCBs0jvqeg=">AAAB+nicbVA9TwJBFNzzE/ELtbTZSEisyJ0x0ZKoBSUmHpDAhewt72DD3kd235mQ836DrbZ2xtY/Y+dPccErBJxq3sy8ZDJ+IoVG2/6y1tY3Nre2Szvl3b39g8PK0XFbx6ni4PJYxqrrMw1SROCiQAndRAELfQkdf3I78zuPoLSIowecJuCFbBSJQHCGRnKbg+wuH1Sqdt2eg64SpyBVUqA1qHz3hzFPQ4iQS6Z1z7ET9DKmUHAJebmfakgYn7AR9AyNWAjay+Zlc1oLYkVxDHR+/81mLNR6GvomEzIc62VvJv7n9VIMrr1MREmKEPGcLjz6ik0A85qRglRSjOlsBzoUCjjKqSGMK2GaUz5minE0a5XNJM7yAKukfVF37Lpzf1lt3BTjlMgpOSPnxCFXpEGapEVcwokgz+SFvFpP1pv1bn38Rtes4ueELMD6/AGi8JSM</latexit>

Evolution of a state  

Using Lie-Trotter product formula

removing second order epsilon terms

III. Hexagonal and 
triangular QWs

HD =
X

i

⇡i⌧i +m�z

<latexit sha1_base64="+vGv184YTQutSgthylqk8Zjy68M=">AAACGXicbVA9SwNBFNzzM8avU0ubxSAIQrgTQRshqEXKCEYDuXC8W1+SJbt3x+47IYb0/gf/g622dmJrZedP8RJTaHSKx+zMPNg3UaqkJc/7cGZm5+YXFgtLxeWV1bV1d2PzyiaZEVgXiUpMIwKLSsZYJ0kKG6lB0JHC66h3NvKvb9FYmcSX1E+xpaETy7YUQLkUujvV8PwksJkOJQ9SOZoEWSj3dWBlR0N4x0O35JW9Mfhf4k9IiU1QC93P4CYRmcaYhAJrm76XUmsAhqRQOCwGmcUURA862MxpDBptazC+Zch324nh1EU+fv/MDkBb29dRntFAXTvtjcT/vGZG7ePWQMZpRhiLIf+1GBnoIQ13c6mdKU4JH9XEb6RBQaqfExBG5j/nogsGBOVlFvNK/OkC/pKrg7Lvlf2Lw1LldFJOgW2zHbbHfHbEKqzKaqzOBLtnj+yJPTsPzovz6rx9R2ecyc4W+wXn/QttUqBG</latexit><latexit sha1_base64="+vGv184YTQutSgthylqk8Zjy68M=">AAACGXicbVA9SwNBFNzzM8avU0ubxSAIQrgTQRshqEXKCEYDuXC8W1+SJbt3x+47IYb0/gf/g622dmJrZedP8RJTaHSKx+zMPNg3UaqkJc/7cGZm5+YXFgtLxeWV1bV1d2PzyiaZEVgXiUpMIwKLSsZYJ0kKG6lB0JHC66h3NvKvb9FYmcSX1E+xpaETy7YUQLkUujvV8PwksJkOJQ9SOZoEWSj3dWBlR0N4x0O35JW9Mfhf4k9IiU1QC93P4CYRmcaYhAJrm76XUmsAhqRQOCwGmcUURA862MxpDBptazC+Zch324nh1EU+fv/MDkBb29dRntFAXTvtjcT/vGZG7ePWQMZpRhiLIf+1GBnoIQ13c6mdKU4JH9XEb6RBQaqfExBG5j/nogsGBOVlFvNK/OkC/pKrg7Lvlf2Lw1LldFJOgW2zHbbHfHbEKqzKaqzOBLtnj+yJPTsPzovz6rx9R2ecyc4W+wXn/QttUqBG</latexit><latexit sha1_base64="+vGv184YTQutSgthylqk8Zjy68M=">AAACGXicbVA9SwNBFNzzM8avU0ubxSAIQrgTQRshqEXKCEYDuXC8W1+SJbt3x+47IYb0/gf/g622dmJrZedP8RJTaHSKx+zMPNg3UaqkJc/7cGZm5+YXFgtLxeWV1bV1d2PzyiaZEVgXiUpMIwKLSsZYJ0kKG6lB0JHC66h3NvKvb9FYmcSX1E+xpaETy7YUQLkUujvV8PwksJkOJQ9SOZoEWSj3dWBlR0N4x0O35JW9Mfhf4k9IiU1QC93P4CYRmcaYhAJrm76XUmsAhqRQOCwGmcUURA862MxpDBptazC+Zch324nh1EU+fv/MDkBb29dRntFAXTvtjcT/vGZG7ePWQMZpRhiLIf+1GBnoIQ13c6mdKU4JH9XEb6RBQaqfExBG5j/nogsGBOVlFvNK/OkC/pKrg7Lvlf2Lw1LldFJOgW2zHbbHfHbEKqzKaqzOBLtnj+yJPTsPzovz6rx9R2ecyc4W+wXn/QttUqBG</latexit><latexit sha1_base64="+vGv184YTQutSgthylqk8Zjy68M=">AAACGXicbVA9SwNBFNzzM8avU0ubxSAIQrgTQRshqEXKCEYDuXC8W1+SJbt3x+47IYb0/gf/g622dmJrZedP8RJTaHSKx+zMPNg3UaqkJc/7cGZm5+YXFgtLxeWV1bV1d2PzyiaZEVgXiUpMIwKLSsZYJ0kKG6lB0JHC66h3NvKvb9FYmcSX1E+xpaETy7YUQLkUujvV8PwksJkOJQ9SOZoEWSj3dWBlR0N4x0O35JW9Mfhf4k9IiU1QC93P4CYRmcaYhAJrm76XUmsAhqRQOCwGmcUURA862MxpDBptazC+Zch324nh1EU+fv/MDkBb29dRntFAXTvtjcT/vGZG7ePWQMZpRhiLIf+1GBnoIQ13c6mdKU4JH9XEb6RBQaqfExBG5j/nogsGBOVlFvNK/OkC/pKrg7Lvlf2Lw1LldFJOgW2zHbbHfHbEKqzKaqzOBLtnj+yJPTsPzovz6rx9R2ecyc4W+wXn/QttUqBG</latexit>

e�i✏(
P

i ⇡i⌧i+m�z) ⇡
2Y

i=0

e�i✏m�ze�i✏⇡i⌧i

<latexit sha1_base64="96wIbiyEbkIHswS9f33y+CwrJcM="></latexit><latexit sha1_base64="96wIbiyEbkIHswS9f33y+CwrJcM="></latexit><latexit sha1_base64="96wIbiyEbkIHswS9f33y+CwrJcM="></latexit><latexit sha1_base64="96wIbiyEbkIHswS9f33y+CwrJcM="></latexit>



e�i✏⌧i⇡i = e�i✏U†
i �zUi⇡i = U †

i e
�i✏�z⇡iUi = U †

i Ti,✏Ui
<latexit sha1_base64="MCzAHQxLcVObqQtUdUIafiJ21Mg="></latexit><latexit sha1_base64="MCzAHQxLcVObqQtUdUIafiJ21Mg="></latexit><latexit sha1_base64="MCzAHQxLcVObqQtUdUIafiJ21Mg="></latexit><latexit sha1_base64="MCzAHQxLcVObqQtUdUIafiJ21Mg="></latexit>

Making use of the condition that the eigenvalues are {1,�1}
<latexit sha1_base64="62VkQKB/Men3Wlf9sVaLIjoFE78=">AAAB/XicbVC7SgNBFJ31GeMramkzGAIWGnZF0DJoYxnBPCC7hNnJ3WTI7IOZu0JYFv/BVls7sfVb7PwUJ3ELk3iqc885Fw7HT6TQaNtf1srq2vrGZmmrvL2zu7dfOThs6zhVHFo8lrHq+kyDFBG0UKCEbqKAhb6Ejj++nfqdR1BaxNEDThLwQjaMRCA4QyN13cw5O3fcvF+p2nV7BrpMnIJUSYFmv/LtDmKehhAhl0zrnmMn6GVMoeAS8rKbakgYH7Mh9AyNWAjay2Z9c1oLYkVxBHR2/81mLNR6EvomEzIc6UVvKv7n9VIMrr1MREmKEPGczj36io0B85qRglRSjOl0CjoQCjjKiSGMK2GaUz5iinE0g5XNJM7iAMukfVF37Lpzf1lt3BTjlMgxOSGnxCFXpEHuSJO0CCeSPJMX8mo9WW/Wu/XxG12xip8jMgfr8wfsXJUy</latexit><latexit sha1_base64="62VkQKB/Men3Wlf9sVaLIjoFE78=">AAAB/XicbVC7SgNBFJ31GeMramkzGAIWGnZF0DJoYxnBPCC7hNnJ3WTI7IOZu0JYFv/BVls7sfVb7PwUJ3ELk3iqc885Fw7HT6TQaNtf1srq2vrGZmmrvL2zu7dfOThs6zhVHFo8lrHq+kyDFBG0UKCEbqKAhb6Ejj++nfqdR1BaxNEDThLwQjaMRCA4QyN13cw5O3fcvF+p2nV7BrpMnIJUSYFmv/LtDmKehhAhl0zrnmMn6GVMoeAS8rKbakgYH7Mh9AyNWAjay2Z9c1oLYkVxBHR2/81mLNR6EvomEzIc6UVvKv7n9VIMrr1MREmKEPGczj36io0B85qRglRSjOl0CjoQCjjKiSGMK2GaUz5iinE0g5XNJM7iAMukfVF37Lpzf1lt3BTjlMgxOSGnxCFXpEHuSJO0CCeSPJMX8mo9WW/Wu/XxG12xip8jMgfr8wfsXJUy</latexit><latexit sha1_base64="62VkQKB/Men3Wlf9sVaLIjoFE78=">AAAB/XicbVC7SgNBFJ31GeMramkzGAIWGnZF0DJoYxnBPCC7hNnJ3WTI7IOZu0JYFv/BVls7sfVb7PwUJ3ELk3iqc885Fw7HT6TQaNtf1srq2vrGZmmrvL2zu7dfOThs6zhVHFo8lrHq+kyDFBG0UKCEbqKAhb6Ejj++nfqdR1BaxNEDThLwQjaMRCA4QyN13cw5O3fcvF+p2nV7BrpMnIJUSYFmv/LtDmKehhAhl0zrnmMn6GVMoeAS8rKbakgYH7Mh9AyNWAjay2Z9c1oLYkVxBHR2/81mLNR6EvomEzIc6UVvKv7n9VIMrr1MREmKEPGczj36io0B85qRglRSjOl0CjoQCjjKiSGMK2GaUz5iinE0g5XNJM7iAMukfVF37Lpzf1lt3BTjlMgxOSGnxCFXpEHuSJO0CCeSPJMX8mo9WW/Wu/XxG12xip8jMgfr8wfsXJUy</latexit><latexit sha1_base64="62VkQKB/Men3Wlf9sVaLIjoFE78=">AAAB/XicbVC7SgNBFJ31GeMramkzGAIWGnZF0DJoYxnBPCC7hNnJ3WTI7IOZu0JYFv/BVls7sfVb7PwUJ3ELk3iqc885Fw7HT6TQaNtf1srq2vrGZmmrvL2zu7dfOThs6zhVHFo8lrHq+kyDFBG0UKCEbqKAhb6Ejj++nfqdR1BaxNEDThLwQjaMRCA4QyN13cw5O3fcvF+p2nV7BrpMnIJUSYFmv/LtDmKehhAhl0zrnmMn6GVMoeAS8rKbakgYH7Mh9AyNWAjay2Z9c1oLYkVxBHR2/81mLNR6EvomEzIc6UVvKv7n9VIMrr1MREmKEPGczj36io0B85qRglRSjOl0CjoQCjjKiSGMK2GaUz5iinE0g5XNJM7iAMukfVF37Lpzf1lt3BTjlMgxOSGnxCFXpEHuSJO0CCeSPJMX8mo9WW/Wu/XxG12xip8jMgfr8wfsXJUy</latexit>

where the translation operator along ui
<latexit sha1_base64="UWYSso0iRjzm07DE6ju8wUbxAAM=">AAAB+HicbVC7TgJBFL2LL8QXamkzkZBYkV1joiXRxhKjPBLYkNnhAhNmH5m5a4Kb/QRbbe2MrX9j56e44BYCnurcc85NTo4XKWnItr+swtr6xuZWcbu0s7u3f1A+PGqZMNYCmyJUoe543KCSATZJksJOpJH7nsK2N7mZ+e1H1EaGwQNNI3R9PgrkUApOmXQf92W/XLFr9hxslTg5qUCORr/83RuEIvYxIKG4MV3HjshNuCYpFKalXmww4mLCR9jNaMB9NG4yr5qy6jDUjMbI5vffbMJ9Y6a+l2V8TmOz7M3E/7xuTMMrN5FBFBMGImULj57mE6S0mknDWDEK2WwFNpAaBalpRrjQMmvOxJhrLijbqpRN4iwPsEpa5zXHrjl3F5X6dT5OEU7gFM7AgUuowy00oAkCRvAML/BqPVlv1rv18RstWPnPMSzA+vwBUhmT0g==</latexit><latexit sha1_base64="UWYSso0iRjzm07DE6ju8wUbxAAM=">AAAB+HicbVC7TgJBFL2LL8QXamkzkZBYkV1joiXRxhKjPBLYkNnhAhNmH5m5a4Kb/QRbbe2MrX9j56e44BYCnurcc85NTo4XKWnItr+swtr6xuZWcbu0s7u3f1A+PGqZMNYCmyJUoe543KCSATZJksJOpJH7nsK2N7mZ+e1H1EaGwQNNI3R9PgrkUApOmXQf92W/XLFr9hxslTg5qUCORr/83RuEIvYxIKG4MV3HjshNuCYpFKalXmww4mLCR9jNaMB9NG4yr5qy6jDUjMbI5vffbMJ9Y6a+l2V8TmOz7M3E/7xuTMMrN5FBFBMGImULj57mE6S0mknDWDEK2WwFNpAaBalpRrjQMmvOxJhrLijbqpRN4iwPsEpa5zXHrjl3F5X6dT5OEU7gFM7AgUuowy00oAkCRvAML/BqPVlv1rv18RstWPnPMSzA+vwBUhmT0g==</latexit><latexit sha1_base64="UWYSso0iRjzm07DE6ju8wUbxAAM=">AAAB+HicbVC7TgJBFL2LL8QXamkzkZBYkV1joiXRxhKjPBLYkNnhAhNmH5m5a4Kb/QRbbe2MrX9j56e44BYCnurcc85NTo4XKWnItr+swtr6xuZWcbu0s7u3f1A+PGqZMNYCmyJUoe543KCSATZJksJOpJH7nsK2N7mZ+e1H1EaGwQNNI3R9PgrkUApOmXQf92W/XLFr9hxslTg5qUCORr/83RuEIvYxIKG4MV3HjshNuCYpFKalXmww4mLCR9jNaMB9NG4yr5qy6jDUjMbI5vffbMJ9Y6a+l2V8TmOz7M3E/7xuTMMrN5FBFBMGImULj57mE6S0mknDWDEK2WwFNpAaBalpRrjQMmvOxJhrLijbqpRN4iwPsEpa5zXHrjl3F5X6dT5OEU7gFM7AgUuowy00oAkCRvAML/BqPVlv1rv18RstWPnPMSzA+vwBUhmT0g==</latexit><latexit sha1_base64="UWYSso0iRjzm07DE6ju8wUbxAAM=">AAAB+HicbVC7TgJBFL2LL8QXamkzkZBYkV1joiXRxhKjPBLYkNnhAhNmH5m5a4Kb/QRbbe2MrX9j56e44BYCnurcc85NTo4XKWnItr+swtr6xuZWcbu0s7u3f1A+PGqZMNYCmyJUoe543KCSATZJksJOpJH7nsK2N7mZ+e1H1EaGwQNNI3R9PgrkUApOmXQf92W/XLFr9hxslTg5qUCORr/83RuEIvYxIKG4MV3HjshNuCYpFKalXmww4mLCR9jNaMB9NG4yr5qy6jDUjMbI5vffbMJ9Y6a+l2V8TmOz7M3E/7xuTMMrN5FBFBMGImULj57mE6S0mknDWDEK2WwFNpAaBalpRrjQMmvOxJhrLijbqpRN4iwPsEpa5zXHrjl3F5X6dT5OEU7gFM7AgUuowy00oAkCRvAML/BqPVlv1rv18RstWPnPMSzA+vwBUhmT0g==</latexit>

III. Hexagonal and 
triangular QWs



Finally our QW over the hexagonal lattice is given 
by:

| e (t+ ")i = (WT2,"WT1,"WT0,") | e (t)i
<latexit sha1_base64="kVqKQdpm3quodAN2Lh4lge9mig8="></latexit><latexit sha1_base64="kVqKQdpm3quodAN2Lh4lge9mig8="></latexit><latexit sha1_base64="kVqKQdpm3quodAN2Lh4lge9mig8="></latexit><latexit sha1_base64="kVqKQdpm3quodAN2Lh4lge9mig8="></latexit>

By construction, Dirac eq is recover when 
Having understood the honeycomb QW, it will 
be easier to  tackle the triangular case

✏ ! 0
<latexit sha1_base64="ESy0ThRZDPZlh/H2uEQsnaAyuGY=">AAACDHicbVC7SgNBFJ31GeNrVaxsBkPAKuyKoGXQxjKCeUASwuzkbnbI7M4yc1cJS37Bf7DV1k5s/Qc7P8VJTGEST3XuOefC4QSpFAY978tZWV1b39gsbBW3d3b39t2Dw4ZRmeZQ50oq3QqYASkSqKNACa1UA4sDCc1geDPxmw+gjVDJPY5S6MZskIhQcIZW6rnHHUiNkCrpaDGIkGmtHqnXc0texZuCLhN/RkpkhlrP/e70Fc9iSJBLZkzb91Ls5kyj4BLGxU5mIGV8yAbQtjRhMZhuPq0/puVQaYoR0On9N5uz2JhRHNhMzDAyi95E/M9rZxhedXORpBlCwsd07jHQbAg4LlspzCRFRSfL0L7QwFGOLGFcC9uc8ohpxtHuV7ST+IsDLJPGecX3Kv7dRal6PRunQE7IKTkjPrkkVXJLaqROOMnJM3khr86T8+a8Ox+/0RVn9nNE5uB8/gDQ+ZvF</latexit><latexit sha1_base64="ESy0ThRZDPZlh/H2uEQsnaAyuGY=">AAACDHicbVC7SgNBFJ31GeNrVaxsBkPAKuyKoGXQxjKCeUASwuzkbnbI7M4yc1cJS37Bf7DV1k5s/Qc7P8VJTGEST3XuOefC4QSpFAY978tZWV1b39gsbBW3d3b39t2Dw4ZRmeZQ50oq3QqYASkSqKNACa1UA4sDCc1geDPxmw+gjVDJPY5S6MZskIhQcIZW6rnHHUiNkCrpaDGIkGmtHqnXc0texZuCLhN/RkpkhlrP/e70Fc9iSJBLZkzb91Ls5kyj4BLGxU5mIGV8yAbQtjRhMZhuPq0/puVQaYoR0On9N5uz2JhRHNhMzDAyi95E/M9rZxhedXORpBlCwsd07jHQbAg4LlspzCRFRSfL0L7QwFGOLGFcC9uc8ohpxtHuV7ST+IsDLJPGecX3Kv7dRal6PRunQE7IKTkjPrkkVXJLaqROOMnJM3khr86T8+a8Ox+/0RVn9nNE5uB8/gDQ+ZvF</latexit><latexit sha1_base64="ESy0ThRZDPZlh/H2uEQsnaAyuGY=">AAACDHicbVC7SgNBFJ31GeNrVaxsBkPAKuyKoGXQxjKCeUASwuzkbnbI7M4yc1cJS37Bf7DV1k5s/Qc7P8VJTGEST3XuOefC4QSpFAY978tZWV1b39gsbBW3d3b39t2Dw4ZRmeZQ50oq3QqYASkSqKNACa1UA4sDCc1geDPxmw+gjVDJPY5S6MZskIhQcIZW6rnHHUiNkCrpaDGIkGmtHqnXc0texZuCLhN/RkpkhlrP/e70Fc9iSJBLZkzb91Ls5kyj4BLGxU5mIGV8yAbQtjRhMZhuPq0/puVQaYoR0On9N5uz2JhRHNhMzDAyi95E/M9rZxhedXORpBlCwsd07jHQbAg4LlspzCRFRSfL0L7QwFGOLGFcC9uc8ohpxtHuV7ST+IsDLJPGecX3Kv7dRal6PRunQE7IKTkjPrkkVXJLaqROOMnJM3khr86T8+a8Ox+/0RVn9nNE5uB8/gDQ+ZvF</latexit><latexit sha1_base64="ESy0ThRZDPZlh/H2uEQsnaAyuGY=">AAACDHicbVC7SgNBFJ31GeNrVaxsBkPAKuyKoGXQxjKCeUASwuzkbnbI7M4yc1cJS37Bf7DV1k5s/Qc7P8VJTGEST3XuOefC4QSpFAY978tZWV1b39gsbBW3d3b39t2Dw4ZRmeZQ50oq3QqYASkSqKNACa1UA4sDCc1geDPxmw+gjVDJPY5S6MZskIhQcIZW6rnHHUiNkCrpaDGIkGmtHqnXc0texZuCLhN/RkpkhlrP/e70Fc9iSJBLZkzb91Ls5kyj4BLGxU5mIGV8yAbQtjRhMZhuPq0/puVQaYoR0On9N5uz2JhRHNhMzDAyi95E/M9rZxhedXORpBlCwsd07jHQbAg4LlspzCRFRSfL0L7QwFGOLGFcC9uc8ohpxtHuV7ST+IsDLJPGecX3Kv7dRal6PRunQE7IKTkjPrkkVXJLaqROOMnJM3khr86T8+a8Ox+/0RVn9nNE5uB8/gDQ+ZvF</latexit>

W = U0SU
†
0M

<latexit sha1_base64="IY/uZWG5nLNznvKqCf2AmvO4idc=">AAACDnicbVC7SgNBFJ2NrxhfqxYWNoMhYBV2RdBGCNrYCBHdJJCsy+zk7mbI7IOZWSEs+w/+g622dmLrL9j5KU5iCpN4qnPPORfuPX7KmVSW9WWUlpZXVtfK65WNza3tHXN3ryWTTFBwaMIT0fGJBM5icBRTHDqpABL5HNr+8Grstx9BSJbE92qUghuRMGYBo0RpyTMP2heOZ+E77DzkvT4JQxCFnm88s2rVrQnwIrGnpIqmaHrmd6+f0CyCWFFOpOzaVqrcnAjFKIei0sskpIQOSQhdTWMSgXTzyQMFrgWJwGoAeDL/zeYkknIU+ToTETWQ895Y/M/rZio4d3MWp5mCmBZ4ZtEXZAiqqGkpyDhWCR53g/tMAFV8pAmhgunLMR0QQajSDVZ0JfZ8AYukdVK3rbp9e1ptXE7LKaNDdISOkY3OUANdoyZyEEUFekYv6NV4Mt6Md+PjN1oypjv7aAbG5w/Ir5sG</latexit><latexit sha1_base64="IY/uZWG5nLNznvKqCf2AmvO4idc=">AAACDnicbVC7SgNBFJ2NrxhfqxYWNoMhYBV2RdBGCNrYCBHdJJCsy+zk7mbI7IOZWSEs+w/+g622dmLrL9j5KU5iCpN4qnPPORfuPX7KmVSW9WWUlpZXVtfK65WNza3tHXN3ryWTTFBwaMIT0fGJBM5icBRTHDqpABL5HNr+8Grstx9BSJbE92qUghuRMGYBo0RpyTMP2heOZ+E77DzkvT4JQxCFnm88s2rVrQnwIrGnpIqmaHrmd6+f0CyCWFFOpOzaVqrcnAjFKIei0sskpIQOSQhdTWMSgXTzyQMFrgWJwGoAeDL/zeYkknIU+ToTETWQ895Y/M/rZio4d3MWp5mCmBZ4ZtEXZAiqqGkpyDhWCR53g/tMAFV8pAmhgunLMR0QQajSDVZ0JfZ8AYukdVK3rbp9e1ptXE7LKaNDdISOkY3OUANdoyZyEEUFekYv6NV4Mt6Md+PjN1oypjv7aAbG5w/Ir5sG</latexit><latexit sha1_base64="IY/uZWG5nLNznvKqCf2AmvO4idc=">AAACDnicbVC7SgNBFJ2NrxhfqxYWNoMhYBV2RdBGCNrYCBHdJJCsy+zk7mbI7IOZWSEs+w/+g622dmLrL9j5KU5iCpN4qnPPORfuPX7KmVSW9WWUlpZXVtfK65WNza3tHXN3ryWTTFBwaMIT0fGJBM5icBRTHDqpABL5HNr+8Grstx9BSJbE92qUghuRMGYBo0RpyTMP2heOZ+E77DzkvT4JQxCFnm88s2rVrQnwIrGnpIqmaHrmd6+f0CyCWFFOpOzaVqrcnAjFKIei0sskpIQOSQhdTWMSgXTzyQMFrgWJwGoAeDL/zeYkknIU+ToTETWQ895Y/M/rZio4d3MWp5mCmBZ4ZtEXZAiqqGkpyDhWCR53g/tMAFV8pAmhgunLMR0QQajSDVZ0JfZ8AYukdVK3rbp9e1ptXE7LKaNDdISOkY3OUANdoyZyEEUFekYv6NV4Mt6Md+PjN1oypjv7aAbG5w/Ir5sG</latexit><latexit sha1_base64="IY/uZWG5nLNznvKqCf2AmvO4idc=">AAACDnicbVC7SgNBFJ2NrxhfqxYWNoMhYBV2RdBGCNrYCBHdJJCsy+zk7mbI7IOZWSEs+w/+g622dmLrL9j5KU5iCpN4qnPPORfuPX7KmVSW9WWUlpZXVtfK65WNza3tHXN3ryWTTFBwaMIT0fGJBM5icBRTHDqpABL5HNr+8Grstx9BSJbE92qUghuRMGYBo0RpyTMP2heOZ+E77DzkvT4JQxCFnm88s2rVrQnwIrGnpIqmaHrmd6+f0CyCWFFOpOzaVqrcnAjFKIei0sskpIQOSQhdTWMSgXTzyQMFrgWJwGoAeDL/zeYkknIU+ToTETWQ895Y/M/rZio4d3MWp5mCmBZ4ZtEXZAiqqGkpyDhWCR53g/tMAFV8pAmhgunLMR0QQajSDVZ0JfZ8AYukdVK3rbp9e1ptXE7LKaNDdISOkY3OUANdoyZyEEUFekYv6NV4Mt6Md+PjN1oypjv7aAbG5w/Ir5sG</latexit>

| e (t)i ⌘ U0 | (t)i
<latexit sha1_base64="Uejv3InNZ1jnHCbewk+UofE3OA8=">AAACKXicbVDLTgJBEJz1ifhCPXqZSEjwQnaJiR6JXjxiIo+EJWR2aGDC7MOZXgzZ7H/4D/6DV716U08m/ojD4yBgnaqrqpPu8iIpNNr2p7W2vrG5tZ3Zye7u7R8c5o6O6zqMFYcaD2Womh7TIEUANRQooRkpYL4noeENbyZ+YwRKizC4x3EEbZ/1A9ETnKGROrmyOwRM3EfRBRSyC4kbaZEW8Tx14SEWI1rrJHY6CxlnYnRyebtkT0FXiTMneTJHtZP7drshj30IkEumdcuxI2wnTKHgEtKsG2uIGB+yPrQMDZgPup1Mf0tpoRcqigOg0/lvNmG+1mPfMxmf4UAvexPxP68VY++qnYggihECntKFRU8x82xaMFIvlhRDOqmNdoUCjnJsCONKmMspHzDFOJpys6YSZ7mAVVIvlxy75Nxd5CvX83Iy5JSckSJxyCWpkFtSJTXCyRN5Ia/kzXq23q0P62sWXbPmOydkAdbPL2UHqDc=</latexit><latexit sha1_base64="Uejv3InNZ1jnHCbewk+UofE3OA8=">AAACKXicbVDLTgJBEJz1ifhCPXqZSEjwQnaJiR6JXjxiIo+EJWR2aGDC7MOZXgzZ7H/4D/6DV716U08m/ojD4yBgnaqrqpPu8iIpNNr2p7W2vrG5tZ3Zye7u7R8c5o6O6zqMFYcaD2Womh7TIEUANRQooRkpYL4noeENbyZ+YwRKizC4x3EEbZ/1A9ETnKGROrmyOwRM3EfRBRSyC4kbaZEW8Tx14SEWI1rrJHY6CxlnYnRyebtkT0FXiTMneTJHtZP7drshj30IkEumdcuxI2wnTKHgEtKsG2uIGB+yPrQMDZgPup1Mf0tpoRcqigOg0/lvNmG+1mPfMxmf4UAvexPxP68VY++qnYggihECntKFRU8x82xaMFIvlhRDOqmNdoUCjnJsCONKmMspHzDFOJpys6YSZ7mAVVIvlxy75Nxd5CvX83Iy5JSckSJxyCWpkFtSJTXCyRN5Ia/kzXq23q0P62sWXbPmOydkAdbPL2UHqDc=</latexit><latexit sha1_base64="Uejv3InNZ1jnHCbewk+UofE3OA8=">AAACKXicbVDLTgJBEJz1ifhCPXqZSEjwQnaJiR6JXjxiIo+EJWR2aGDC7MOZXgzZ7H/4D/6DV716U08m/ojD4yBgnaqrqpPu8iIpNNr2p7W2vrG5tZ3Zye7u7R8c5o6O6zqMFYcaD2Womh7TIEUANRQooRkpYL4noeENbyZ+YwRKizC4x3EEbZ/1A9ETnKGROrmyOwRM3EfRBRSyC4kbaZEW8Tx14SEWI1rrJHY6CxlnYnRyebtkT0FXiTMneTJHtZP7drshj30IkEumdcuxI2wnTKHgEtKsG2uIGB+yPrQMDZgPup1Mf0tpoRcqigOg0/lvNmG+1mPfMxmf4UAvexPxP68VY++qnYggihECntKFRU8x82xaMFIvlhRDOqmNdoUCjnJsCONKmMspHzDFOJpys6YSZ7mAVVIvlxy75Nxd5CvX83Iy5JSckSJxyCWpkFtSJTXCyRN5Ia/kzXq23q0P62sWXbPmOydkAdbPL2UHqDc=</latexit><latexit sha1_base64="Uejv3InNZ1jnHCbewk+UofE3OA8=">AAACKXicbVDLTgJBEJz1ifhCPXqZSEjwQnaJiR6JXjxiIo+EJWR2aGDC7MOZXgzZ7H/4D/6DV716U08m/ojD4yBgnaqrqpPu8iIpNNr2p7W2vrG5tZ3Zye7u7R8c5o6O6zqMFYcaD2Womh7TIEUANRQooRkpYL4noeENbyZ+YwRKizC4x3EEbZ/1A9ETnKGROrmyOwRM3EfRBRSyC4kbaZEW8Tx14SEWI1rrJHY6CxlnYnRyebtkT0FXiTMneTJHtZP7drshj30IkEumdcuxI2wnTKHgEtKsG2uIGB+yPrQMDZgPup1Mf0tpoRcqigOg0/lvNmG+1mPfMxmf4UAvexPxP68VY++qnYggihECntKFRU8x82xaMFIvlhRDOqmNdoUCjnJsCONKmMspHzDFOJpys6YSZ7mAVVIvlxy75Nxd5CvX83Iy5JSckSJxyCWpkFtSJTXCyRN5Ia/kzXq23q0P62sWXbPmOydkAdbPL2UHqDc=</latexit>

III. Hexagonal and 
triangular QWs

S = ei
⇡
3 R�z (

2⇡

3
)

<latexit sha1_base64="zdvmvMP57AZp4tYBsF9M3sC3cgM="></latexit><latexit sha1_base64="zdvmvMP57AZp4tYBsF9M3sC3cgM="></latexit><latexit sha1_base64="zdvmvMP57AZp4tYBsF9M3sC3cgM="></latexit><latexit sha1_base64="zdvmvMP57AZp4tYBsF9M3sC3cgM="></latexit>

P. Arrighi, G. D. Molfetta, I. Márquez-Martín, and A. Pérez. The Dirac equation as a 
quantum walk over the honeycomb and triangular lattices. Phys. Rev. A 97, 062111  



1

1

0

0

0

22

1

The walker lies on the edges 
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The dynamics: composition of two 
operators 

Triangular QW

III. Hexagonal and 
triangular QWs
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Triangular QW

III. Hexagonal and 
triangular QWs

The first operator, R, rotates every triangle 
anti-clockwise 
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Triangular QW

III. Hexagonal and 
triangular QWs

W
<latexit sha1_base64="ScUgBfP5oaUrOcLcXICwvS5EC0k=">AAAB9nicbVC7TgJBFL2LL8QXamkzkZBYkV1joiXRxhISeSSwIbPDBSbMPjJz10g2+wW22toZW3/Hzk9xwS0EPNW555ybnBwvUtKQbX9ZhY3Nre2d4m5pb//g8Kh8fNI2YawFtkSoQt31uEElA2yRJIXdSCP3PYUdb3o39zuPqI0MgweaRej6fBzIkRScMqnZGZQrds1egK0TJycVyNEYlL/7w1DEPgYkFDem59gRuQnXJIXCtNSPDUZcTPkYexkNuI/GTRZFU1YdhZrRBNni/ptNuG/MzPeyjM9pYla9ufif14tpdOMmMohiwkCkbOnR03yKlFYzaRQrRiGbb8CGUqMgNcsIF1pmzZmYcM0FZUuVskmc1QHWSfuy5tg1p3lVqd/m4xThDM7hAhy4hjrcQwNaIADhGV7g1Xqy3qx36+M3WrDyn1NYgvX5A52gktg=</latexit><latexit sha1_base64="ScUgBfP5oaUrOcLcXICwvS5EC0k=">AAAB9nicbVC7TgJBFL2LL8QXamkzkZBYkV1joiXRxhISeSSwIbPDBSbMPjJz10g2+wW22toZW3/Hzk9xwS0EPNW555ybnBwvUtKQbX9ZhY3Nre2d4m5pb//g8Kh8fNI2YawFtkSoQt31uEElA2yRJIXdSCP3PYUdb3o39zuPqI0MgweaRej6fBzIkRScMqnZGZQrds1egK0TJycVyNEYlL/7w1DEPgYkFDem59gRuQnXJIXCtNSPDUZcTPkYexkNuI/GTRZFU1YdhZrRBNni/ptNuG/MzPeyjM9pYla9ufif14tpdOMmMohiwkCkbOnR03yKlFYzaRQrRiGbb8CGUqMgNcsIF1pmzZmYcM0FZUuVskmc1QHWSfuy5tg1p3lVqd/m4xThDM7hAhy4hjrcQwNaIADhGV7g1Xqy3qx36+M3WrDyn1NYgvX5A52gktg=</latexit><latexit sha1_base64="ScUgBfP5oaUrOcLcXICwvS5EC0k=">AAAB9nicbVC7TgJBFL2LL8QXamkzkZBYkV1joiXRxhISeSSwIbPDBSbMPjJz10g2+wW22toZW3/Hzk9xwS0EPNW555ybnBwvUtKQbX9ZhY3Nre2d4m5pb//g8Kh8fNI2YawFtkSoQt31uEElA2yRJIXdSCP3PYUdb3o39zuPqI0MgweaRej6fBzIkRScMqnZGZQrds1egK0TJycVyNEYlL/7w1DEPgYkFDem59gRuQnXJIXCtNSPDUZcTPkYexkNuI/GTRZFU1YdhZrRBNni/ptNuG/MzPeyjM9pYla9ufif14tpdOMmMohiwkCkbOnR03yKlFYzaRQrRiGbb8CGUqMgNcsIF1pmzZmYcM0FZUuVskmc1QHWSfuy5tg1p3lVqd/m4xThDM7hAhy4hjrcQwNaIADhGV7g1Xqy3qx36+M3WrDyn1NYgvX5A52gktg=</latexit><latexit sha1_base64="ScUgBfP5oaUrOcLcXICwvS5EC0k=">AAAB9nicbVC7TgJBFL2LL8QXamkzkZBYkV1joiXRxhISeSSwIbPDBSbMPjJz10g2+wW22toZW3/Hzk9xwS0EPNW555ybnBwvUtKQbX9ZhY3Nre2d4m5pb//g8Kh8fNI2YawFtkSoQt31uEElA2yRJIXdSCP3PYUdb3o39zuPqI0MgweaRej6fBzIkRScMqnZGZQrds1egK0TJycVyNEYlL/7w1DEPgYkFDem59gRuQnXJIXCtNSPDUZcTPkYexkNuI/GTRZFU1YdhZrRBNni/ptNuG/MzPeyjM9pYla9ufif14tpdOMmMohiwkCkbOnR03yKlFYzaRQrRiGbb8CGUqMgNcsIF1pmzZmYcM0FZUuVskmc1QHWSfuy5tg1p3lVqd/m4xThDM7hAhy4hjrcQwNaIADhGV7g1Xqy3qx36+M3WrDyn1NYgvX5A52gktg=</latexit>

W
<latexit sha1_base64="ScUgBfP5oaUrOcLcXICwvS5EC0k=">AAAB9nicbVC7TgJBFL2LL8QXamkzkZBYkV1joiXRxhISeSSwIbPDBSbMPjJz10g2+wW22toZW3/Hzk9xwS0EPNW555ybnBwvUtKQbX9ZhY3Nre2d4m5pb//g8Kh8fNI2YawFtkSoQt31uEElA2yRJIXdSCP3PYUdb3o39zuPqI0MgweaRej6fBzIkRScMqnZGZQrds1egK0TJycVyNEYlL/7w1DEPgYkFDem59gRuQnXJIXCtNSPDUZcTPkYexkNuI/GTRZFU1YdhZrRBNni/ptNuG/MzPeyjM9pYla9ufif14tpdOMmMohiwkCkbOnR03yKlFYzaRQrRiGbb8CGUqMgNcsIF1pmzZmYcM0FZUuVskmc1QHWSfuy5tg1p3lVqd/m4xThDM7hAhy4hjrcQwNaIADhGV7g1Xqy3qx36+M3WrDyn1NYgvX5A52gktg=</latexit><latexit sha1_base64="ScUgBfP5oaUrOcLcXICwvS5EC0k=">AAAB9nicbVC7TgJBFL2LL8QXamkzkZBYkV1joiXRxhISeSSwIbPDBSbMPjJz10g2+wW22toZW3/Hzk9xwS0EPNW555ybnBwvUtKQbX9ZhY3Nre2d4m5pb//g8Kh8fNI2YawFtkSoQt31uEElA2yRJIXdSCP3PYUdb3o39zuPqI0MgweaRej6fBzIkRScMqnZGZQrds1egK0TJycVyNEYlL/7w1DEPgYkFDem59gRuQnXJIXCtNSPDUZcTPkYexkNuI/GTRZFU1YdhZrRBNni/ptNuG/MzPeyjM9pYla9ufif14tpdOMmMohiwkCkbOnR03yKlFYzaRQrRiGbb8CGUqMgNcsIF1pmzZmYcM0FZUuVskmc1QHWSfuy5tg1p3lVqd/m4xThDM7hAhy4hjrcQwNaIADhGV7g1Xqy3qx36+M3WrDyn1NYgvX5A52gktg=</latexit><latexit sha1_base64="ScUgBfP5oaUrOcLcXICwvS5EC0k=">AAAB9nicbVC7TgJBFL2LL8QXamkzkZBYkV1joiXRxhISeSSwIbPDBSbMPjJz10g2+wW22toZW3/Hzk9xwS0EPNW555ybnBwvUtKQbX9ZhY3Nre2d4m5pb//g8Kh8fNI2YawFtkSoQt31uEElA2yRJIXdSCP3PYUdb3o39zuPqI0MgweaRej6fBzIkRScMqnZGZQrds1egK0TJycVyNEYlL/7w1DEPgYkFDem59gRuQnXJIXCtNSPDUZcTPkYexkNuI/GTRZFU1YdhZrRBNni/ptNuG/MzPeyjM9pYla9ufif14tpdOMmMohiwkCkbOnR03yKlFYzaRQrRiGbb8CGUqMgNcsIF1pmzZmYcM0FZUuVskmc1QHWSfuy5tg1p3lVqd/m4xThDM7hAhy4hjrcQwNaIADhGV7g1Xqy3qx36+M3WrDyn1NYgvX5A52gktg=</latexit><latexit sha1_base64="ScUgBfP5oaUrOcLcXICwvS5EC0k=">AAAB9nicbVC7TgJBFL2LL8QXamkzkZBYkV1joiXRxhISeSSwIbPDBSbMPjJz10g2+wW22toZW3/Hzk9xwS0EPNW555ybnBwvUtKQbX9ZhY3Nre2d4m5pb//g8Kh8fNI2YawFtkSoQt31uEElA2yRJIXdSCP3PYUdb3o39zuPqI0MgweaRej6fBzIkRScMqnZGZQrds1egK0TJycVyNEYlL/7w1DEPgYkFDem59gRuQnXJIXCtNSPDUZcTPkYexkNuI/GTRZFU1YdhZrRBNni/ptNuG/MzPeyjM9pYla9ufif14tpdOMmMohiwkCkbOnR03yKlFYzaRQrRiGbb8CGUqMgNcsIF1pmzZmYcM0FZUuVskmc1QHWSfuy5tg1p3lVqd/m4xThDM7hAhy4hjrcQwNaIADhGV7g1Xqy3qx36+M3WrDyn1NYgvX5A52gktg=</latexit>

W
<latexit sha1_base64="ScUgBfP5oaUrOcLcXICwvS5EC0k=">AAAB9nicbVC7TgJBFL2LL8QXamkzkZBYkV1joiXRxhISeSSwIbPDBSbMPjJz10g2+wW22toZW3/Hzk9xwS0EPNW555ybnBwvUtKQbX9ZhY3Nre2d4m5pb//g8Kh8fNI2YawFtkSoQt31uEElA2yRJIXdSCP3PYUdb3o39zuPqI0MgweaRej6fBzIkRScMqnZGZQrds1egK0TJycVyNEYlL/7w1DEPgYkFDem59gRuQnXJIXCtNSPDUZcTPkYexkNuI/GTRZFU1YdhZrRBNni/ptNuG/MzPeyjM9pYla9ufif14tpdOMmMohiwkCkbOnR03yKlFYzaRQrRiGbb8CGUqMgNcsIF1pmzZmYcM0FZUuVskmc1QHWSfuy5tg1p3lVqd/m4xThDM7hAhy4hjrcQwNaIADhGV7g1Xqy3qx36+M3WrDyn1NYgvX5A52gktg=</latexit><latexit sha1_base64="ScUgBfP5oaUrOcLcXICwvS5EC0k=">AAAB9nicbVC7TgJBFL2LL8QXamkzkZBYkV1joiXRxhISeSSwIbPDBSbMPjJz10g2+wW22toZW3/Hzk9xwS0EPNW555ybnBwvUtKQbX9ZhY3Nre2d4m5pb//g8Kh8fNI2YawFtkSoQt31uEElA2yRJIXdSCP3PYUdb3o39zuPqI0MgweaRej6fBzIkRScMqnZGZQrds1egK0TJycVyNEYlL/7w1DEPgYkFDem59gRuQnXJIXCtNSPDUZcTPkYexkNuI/GTRZFU1YdhZrRBNni/ptNuG/MzPeyjM9pYla9ufif14tpdOMmMohiwkCkbOnR03yKlFYzaRQrRiGbb8CGUqMgNcsIF1pmzZmYcM0FZUuVskmc1QHWSfuy5tg1p3lVqd/m4xThDM7hAhy4hjrcQwNaIADhGV7g1Xqy3qx36+M3WrDyn1NYgvX5A52gktg=</latexit><latexit sha1_base64="ScUgBfP5oaUrOcLcXICwvS5EC0k=">AAAB9nicbVC7TgJBFL2LL8QXamkzkZBYkV1joiXRxhISeSSwIbPDBSbMPjJz10g2+wW22toZW3/Hzk9xwS0EPNW555ybnBwvUtKQbX9ZhY3Nre2d4m5pb//g8Kh8fNI2YawFtkSoQt31uEElA2yRJIXdSCP3PYUdb3o39zuPqI0MgweaRej6fBzIkRScMqnZGZQrds1egK0TJycVyNEYlL/7w1DEPgYkFDem59gRuQnXJIXCtNSPDUZcTPkYexkNuI/GTRZFU1YdhZrRBNni/ptNuG/MzPeyjM9pYla9ufif14tpdOMmMohiwkCkbOnR03yKlFYzaRQrRiGbb8CGUqMgNcsIF1pmzZmYcM0FZUuVskmc1QHWSfuy5tg1p3lVqd/m4xThDM7hAhy4hjrcQwNaIADhGV7g1Xqy3qx36+M3WrDyn1NYgvX5A52gktg=</latexit><latexit sha1_base64="ScUgBfP5oaUrOcLcXICwvS5EC0k=">AAAB9nicbVC7TgJBFL2LL8QXamkzkZBYkV1joiXRxhISeSSwIbPDBSbMPjJz10g2+wW22toZW3/Hzk9xwS0EPNW555ybnBwvUtKQbX9ZhY3Nre2d4m5pb//g8Kh8fNI2YawFtkSoQt31uEElA2yRJIXdSCP3PYUdb3o39zuPqI0MgweaRej6fBzIkRScMqnZGZQrds1egK0TJycVyNEYlL/7w1DEPgYkFDem59gRuQnXJIXCtNSPDUZcTPkYexkNuI/GTRZFU1YdhZrRBNni/ptNuG/MzPeyjM9pYla9ufif14tpdOMmMohiwkCkbOnR03yKlFYzaRQrRiGbb8CGUqMgNcsIF1pmzZmYcM0FZUuVskmc1QHWSfuy5tg1p3lVqd/m4xThDM7hAhy4hjrcQwNaIADhGV7g1Xqy3qx36+M3WrDyn1NYgvX5A52gktg=</latexit>

R, rotates every triangle anti-clockwise 

W, U(2) matrix

W = U0SU
†
0M

<latexit sha1_base64="IY/uZWG5nLNznvKqCf2AmvO4idc=">AAACDnicbVC7SgNBFJ2NrxhfqxYWNoMhYBV2RdBGCNrYCBHdJJCsy+zk7mbI7IOZWSEs+w/+g622dmLrL9j5KU5iCpN4qnPPORfuPX7KmVSW9WWUlpZXVtfK65WNza3tHXN3ryWTTFBwaMIT0fGJBM5icBRTHDqpABL5HNr+8Grstx9BSJbE92qUghuRMGYBo0RpyTMP2heOZ+E77DzkvT4JQxCFnm88s2rVrQnwIrGnpIqmaHrmd6+f0CyCWFFOpOzaVqrcnAjFKIei0sskpIQOSQhdTWMSgXTzyQMFrgWJwGoAeDL/zeYkknIU+ToTETWQ895Y/M/rZio4d3MWp5mCmBZ4ZtEXZAiqqGkpyDhWCR53g/tMAFV8pAmhgunLMR0QQajSDVZ0JfZ8AYukdVK3rbp9e1ptXE7LKaNDdISOkY3OUANdoyZyEEUFekYv6NV4Mt6Md+PjN1oypjv7aAbG5w/Ir5sG</latexit><latexit sha1_base64="IY/uZWG5nLNznvKqCf2AmvO4idc=">AAACDnicbVC7SgNBFJ2NrxhfqxYWNoMhYBV2RdBGCNrYCBHdJJCsy+zk7mbI7IOZWSEs+w/+g622dmLrL9j5KU5iCpN4qnPPORfuPX7KmVSW9WWUlpZXVtfK65WNza3tHXN3ryWTTFBwaMIT0fGJBM5icBRTHDqpABL5HNr+8Grstx9BSJbE92qUghuRMGYBo0RpyTMP2heOZ+E77DzkvT4JQxCFnm88s2rVrQnwIrGnpIqmaHrmd6+f0CyCWFFOpOzaVqrcnAjFKIei0sskpIQOSQhdTWMSgXTzyQMFrgWJwGoAeDL/zeYkknIU+ToTETWQ895Y/M/rZio4d3MWp5mCmBZ4ZtEXZAiqqGkpyDhWCR53g/tMAFV8pAmhgunLMR0QQajSDVZ0JfZ8AYukdVK3rbp9e1ptXE7LKaNDdISOkY3OUANdoyZyEEUFekYv6NV4Mt6Md+PjN1oypjv7aAbG5w/Ir5sG</latexit><latexit sha1_base64="IY/uZWG5nLNznvKqCf2AmvO4idc=">AAACDnicbVC7SgNBFJ2NrxhfqxYWNoMhYBV2RdBGCNrYCBHdJJCsy+zk7mbI7IOZWSEs+w/+g622dmLrL9j5KU5iCpN4qnPPORfuPX7KmVSW9WWUlpZXVtfK65WNza3tHXN3ryWTTFBwaMIT0fGJBM5icBRTHDqpABL5HNr+8Grstx9BSJbE92qUghuRMGYBo0RpyTMP2heOZ+E77DzkvT4JQxCFnm88s2rVrQnwIrGnpIqmaHrmd6+f0CyCWFFOpOzaVqrcnAjFKIei0sskpIQOSQhdTWMSgXTzyQMFrgWJwGoAeDL/zeYkknIU+ToTETWQ895Y/M/rZio4d3MWp5mCmBZ4ZtEXZAiqqGkpyDhWCR53g/tMAFV8pAmhgunLMR0QQajSDVZ0JfZ8AYukdVK3rbp9e1ptXE7LKaNDdISOkY3OUANdoyZyEEUFekYv6NV4Mt6Md+PjN1oypjv7aAbG5w/Ir5sG</latexit><latexit sha1_base64="IY/uZWG5nLNznvKqCf2AmvO4idc=">AAACDnicbVC7SgNBFJ2NrxhfqxYWNoMhYBV2RdBGCNrYCBHdJJCsy+zk7mbI7IOZWSEs+w/+g622dmLrL9j5KU5iCpN4qnPPORfuPX7KmVSW9WWUlpZXVtfK65WNza3tHXN3ryWTTFBwaMIT0fGJBM5icBRTHDqpABL5HNr+8Grstx9BSJbE92qUghuRMGYBo0RpyTMP2heOZ+E77DzkvT4JQxCFnm88s2rVrQnwIrGnpIqmaHrmd6+f0CyCWFFOpOzaVqrcnAjFKIei0sskpIQOSQhdTWMSgXTzyQMFrgWJwGoAeDL/zeYkknIU+ToTETWQ895Y/M/rZio4d3MWp5mCmBZ4ZtEXZAiqqGkpyDhWCR53g/tMAFV8pAmhgunLMR0QQajSDVZ0JfZ8AYukdVK3rbp9e1ptXE7LKaNDdISOkY3OUANdoyZyEEUFekYv6NV4Mt6Md+PjN1oypjv7aAbG5w/Ir5sG</latexit>



1

1

0

0

0

22

1

R, rotates every triangle anti-clockwise 
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1 W, U(2) matrixW

<latexit sha1_base64="ScUgBfP5oaUrOcLcXICwvS5EC0k=">AAAB9nicbVC7TgJBFL2LL8QXamkzkZBYkV1joiXRxhISeSSwIbPDBSbMPjJz10g2+wW22toZW3/Hzk9xwS0EPNW555ybnBwvUtKQbX9ZhY3Nre2d4m5pb//g8Kh8fNI2YawFtkSoQt31uEElA2yRJIXdSCP3PYUdb3o39zuPqI0MgweaRej6fBzIkRScMqnZGZQrds1egK0TJycVyNEYlL/7w1DEPgYkFDem59gRuQnXJIXCtNSPDUZcTPkYexkNuI/GTRZFU1YdhZrRBNni/ptNuG/MzPeyjM9pYla9ufif14tpdOMmMohiwkCkbOnR03yKlFYzaRQrRiGbb8CGUqMgNcsIF1pmzZmYcM0FZUuVskmc1QHWSfuy5tg1p3lVqd/m4xThDM7hAhy4hjrcQwNaIADhGV7g1Xqy3qx36+M3WrDyn1NYgvX5A52gktg=</latexit><latexit sha1_base64="ScUgBfP5oaUrOcLcXICwvS5EC0k=">AAAB9nicbVC7TgJBFL2LL8QXamkzkZBYkV1joiXRxhISeSSwIbPDBSbMPjJz10g2+wW22toZW3/Hzk9xwS0EPNW555ybnBwvUtKQbX9ZhY3Nre2d4m5pb//g8Kh8fNI2YawFtkSoQt31uEElA2yRJIXdSCP3PYUdb3o39zuPqI0MgweaRej6fBzIkRScMqnZGZQrds1egK0TJycVyNEYlL/7w1DEPgYkFDem59gRuQnXJIXCtNSPDUZcTPkYexkNuI/GTRZFU1YdhZrRBNni/ptNuG/MzPeyjM9pYla9ufif14tpdOMmMohiwkCkbOnR03yKlFYzaRQrRiGbb8CGUqMgNcsIF1pmzZmYcM0FZUuVskmc1QHWSfuy5tg1p3lVqd/m4xThDM7hAhy4hjrcQwNaIADhGV7g1Xqy3qx36+M3WrDyn1NYgvX5A52gktg=</latexit><latexit sha1_base64="ScUgBfP5oaUrOcLcXICwvS5EC0k=">AAAB9nicbVC7TgJBFL2LL8QXamkzkZBYkV1joiXRxhISeSSwIbPDBSbMPjJz10g2+wW22toZW3/Hzk9xwS0EPNW555ybnBwvUtKQbX9ZhY3Nre2d4m5pb//g8Kh8fNI2YawFtkSoQt31uEElA2yRJIXdSCP3PYUdb3o39zuPqI0MgweaRej6fBzIkRScMqnZGZQrds1egK0TJycVyNEYlL/7w1DEPgYkFDem59gRuQnXJIXCtNSPDUZcTPkYexkNuI/GTRZFU1YdhZrRBNni/ptNuG/MzPeyjM9pYla9ufif14tpdOMmMohiwkCkbOnR03yKlFYzaRQrRiGbb8CGUqMgNcsIF1pmzZmYcM0FZUuVskmc1QHWSfuy5tg1p3lVqd/m4xThDM7hAhy4hjrcQwNaIADhGV7g1Xqy3qx36+M3WrDyn1NYgvX5A52gktg=</latexit><latexit sha1_base64="ScUgBfP5oaUrOcLcXICwvS5EC0k=">AAAB9nicbVC7TgJBFL2LL8QXamkzkZBYkV1joiXRxhISeSSwIbPDBSbMPjJz10g2+wW22toZW3/Hzk9xwS0EPNW555ybnBwvUtKQbX9ZhY3Nre2d4m5pb//g8Kh8fNI2YawFtkSoQt31uEElA2yRJIXdSCP3PYUdb3o39zuPqI0MgweaRej6fBzIkRScMqnZGZQrds1egK0TJycVyNEYlL/7w1DEPgYkFDem59gRuQnXJIXCtNSPDUZcTPkYexkNuI/GTRZFU1YdhZrRBNni/ptNuG/MzPeyjM9pYla9ufif14tpdOMmMohiwkCkbOnR03yKlFYzaRQrRiGbb8CGUqMgNcsIF1pmzZmYcM0FZUuVskmc1QHWSfuy5tg1p3lVqd/m4xThDM7hAhy4hjrcQwNaIADhGV7g1Xqy3qx36+M3WrDyn1NYgvX5A52gktg=</latexit>

W
<latexit sha1_base64="ScUgBfP5oaUrOcLcXICwvS5EC0k=">AAAB9nicbVC7TgJBFL2LL8QXamkzkZBYkV1joiXRxhISeSSwIbPDBSbMPjJz10g2+wW22toZW3/Hzk9xwS0EPNW555ybnBwvUtKQbX9ZhY3Nre2d4m5pb//g8Kh8fNI2YawFtkSoQt31uEElA2yRJIXdSCP3PYUdb3o39zuPqI0MgweaRej6fBzIkRScMqnZGZQrds1egK0TJycVyNEYlL/7w1DEPgYkFDem59gRuQnXJIXCtNSPDUZcTPkYexkNuI/GTRZFU1YdhZrRBNni/ptNuG/MzPeyjM9pYla9ufif14tpdOMmMohiwkCkbOnR03yKlFYzaRQrRiGbb8CGUqMgNcsIF1pmzZmYcM0FZUuVskmc1QHWSfuy5tg1p3lVqd/m4xThDM7hAhy4hjrcQwNaIADhGV7g1Xqy3qx36+M3WrDyn1NYgvX5A52gktg=</latexit><latexit sha1_base64="ScUgBfP5oaUrOcLcXICwvS5EC0k=">AAAB9nicbVC7TgJBFL2LL8QXamkzkZBYkV1joiXRxhISeSSwIbPDBSbMPjJz10g2+wW22toZW3/Hzk9xwS0EPNW555ybnBwvUtKQbX9ZhY3Nre2d4m5pb//g8Kh8fNI2YawFtkSoQt31uEElA2yRJIXdSCP3PYUdb3o39zuPqI0MgweaRej6fBzIkRScMqnZGZQrds1egK0TJycVyNEYlL/7w1DEPgYkFDem59gRuQnXJIXCtNSPDUZcTPkYexkNuI/GTRZFU1YdhZrRBNni/ptNuG/MzPeyjM9pYla9ufif14tpdOMmMohiwkCkbOnR03yKlFYzaRQrRiGbb8CGUqMgNcsIF1pmzZmYcM0FZUuVskmc1QHWSfuy5tg1p3lVqd/m4xThDM7hAhy4hjrcQwNaIADhGV7g1Xqy3qx36+M3WrDyn1NYgvX5A52gktg=</latexit><latexit sha1_base64="ScUgBfP5oaUrOcLcXICwvS5EC0k=">AAAB9nicbVC7TgJBFL2LL8QXamkzkZBYkV1joiXRxhISeSSwIbPDBSbMPjJz10g2+wW22toZW3/Hzk9xwS0EPNW555ybnBwvUtKQbX9ZhY3Nre2d4m5pb//g8Kh8fNI2YawFtkSoQt31uEElA2yRJIXdSCP3PYUdb3o39zuPqI0MgweaRej6fBzIkRScMqnZGZQrds1egK0TJycVyNEYlL/7w1DEPgYkFDem59gRuQnXJIXCtNSPDUZcTPkYexkNuI/GTRZFU1YdhZrRBNni/ptNuG/MzPeyjM9pYla9ufif14tpdOMmMohiwkCkbOnR03yKlFYzaRQrRiGbb8CGUqMgNcsIF1pmzZmYcM0FZUuVskmc1QHWSfuy5tg1p3lVqd/m4xThDM7hAhy4hjrcQwNaIADhGV7g1Xqy3qx36+M3WrDyn1NYgvX5A52gktg=</latexit><latexit sha1_base64="ScUgBfP5oaUrOcLcXICwvS5EC0k=">AAAB9nicbVC7TgJBFL2LL8QXamkzkZBYkV1joiXRxhISeSSwIbPDBSbMPjJz10g2+wW22toZW3/Hzk9xwS0EPNW555ybnBwvUtKQbX9ZhY3Nre2d4m5pb//g8Kh8fNI2YawFtkSoQt31uEElA2yRJIXdSCP3PYUdb3o39zuPqI0MgweaRej6fBzIkRScMqnZGZQrds1egK0TJycVyNEYlL/7w1DEPgYkFDem59gRuQnXJIXCtNSPDUZcTPkYexkNuI/GTRZFU1YdhZrRBNni/ptNuG/MzPeyjM9pYla9ufif14tpdOMmMohiwkCkbOnR03yKlFYzaRQrRiGbb8CGUqMgNcsIF1pmzZmYcM0FZUuVskmc1QHWSfuy5tg1p3lVqd/m4xThDM7hAhy4hjrcQwNaIADhGV7g1Xqy3qx36+M3WrDyn1NYgvX5A52gktg=</latexit>

W
<latexit sha1_base64="ScUgBfP5oaUrOcLcXICwvS5EC0k=">AAAB9nicbVC7TgJBFL2LL8QXamkzkZBYkV1joiXRxhISeSSwIbPDBSbMPjJz10g2+wW22toZW3/Hzk9xwS0EPNW555ybnBwvUtKQbX9ZhY3Nre2d4m5pb//g8Kh8fNI2YawFtkSoQt31uEElA2yRJIXdSCP3PYUdb3o39zuPqI0MgweaRej6fBzIkRScMqnZGZQrds1egK0TJycVyNEYlL/7w1DEPgYkFDem59gRuQnXJIXCtNSPDUZcTPkYexkNuI/GTRZFU1YdhZrRBNni/ptNuG/MzPeyjM9pYla9ufif14tpdOMmMohiwkCkbOnR03yKlFYzaRQrRiGbb8CGUqMgNcsIF1pmzZmYcM0FZUuVskmc1QHWSfuy5tg1p3lVqd/m4xThDM7hAhy4hjrcQwNaIADhGV7g1Xqy3qx36+M3WrDyn1NYgvX5A52gktg=</latexit><latexit sha1_base64="ScUgBfP5oaUrOcLcXICwvS5EC0k=">AAAB9nicbVC7TgJBFL2LL8QXamkzkZBYkV1joiXRxhISeSSwIbPDBSbMPjJz10g2+wW22toZW3/Hzk9xwS0EPNW555ybnBwvUtKQbX9ZhY3Nre2d4m5pb//g8Kh8fNI2YawFtkSoQt31uEElA2yRJIXdSCP3PYUdb3o39zuPqI0MgweaRej6fBzIkRScMqnZGZQrds1egK0TJycVyNEYlL/7w1DEPgYkFDem59gRuQnXJIXCtNSPDUZcTPkYexkNuI/GTRZFU1YdhZrRBNni/ptNuG/MzPeyjM9pYla9ufif14tpdOMmMohiwkCkbOnR03yKlFYzaRQrRiGbb8CGUqMgNcsIF1pmzZmYcM0FZUuVskmc1QHWSfuy5tg1p3lVqd/m4xThDM7hAhy4hjrcQwNaIADhGV7g1Xqy3qx36+M3WrDyn1NYgvX5A52gktg=</latexit><latexit sha1_base64="ScUgBfP5oaUrOcLcXICwvS5EC0k=">AAAB9nicbVC7TgJBFL2LL8QXamkzkZBYkV1joiXRxhISeSSwIbPDBSbMPjJz10g2+wW22toZW3/Hzk9xwS0EPNW555ybnBwvUtKQbX9ZhY3Nre2d4m5pb//g8Kh8fNI2YawFtkSoQt31uEElA2yRJIXdSCP3PYUdb3o39zuPqI0MgweaRej6fBzIkRScMqnZGZQrds1egK0TJycVyNEYlL/7w1DEPgYkFDem59gRuQnXJIXCtNSPDUZcTPkYexkNuI/GTRZFU1YdhZrRBNni/ptNuG/MzPeyjM9pYla9ufif14tpdOMmMohiwkCkbOnR03yKlFYzaRQrRiGbb8CGUqMgNcsIF1pmzZmYcM0FZUuVskmc1QHWSfuy5tg1p3lVqd/m4xThDM7hAhy4hjrcQwNaIADhGV7g1Xqy3qx36+M3WrDyn1NYgvX5A52gktg=</latexit><latexit sha1_base64="ScUgBfP5oaUrOcLcXICwvS5EC0k=">AAAB9nicbVC7TgJBFL2LL8QXamkzkZBYkV1joiXRxhISeSSwIbPDBSbMPjJz10g2+wW22toZW3/Hzk9xwS0EPNW555ybnBwvUtKQbX9ZhY3Nre2d4m5pb//g8Kh8fNI2YawFtkSoQt31uEElA2yRJIXdSCP3PYUdb3o39zuPqI0MgweaRej6fBzIkRScMqnZGZQrds1egK0TJycVyNEYlL/7w1DEPgYkFDem59gRuQnXJIXCtNSPDUZcTPkYexkNuI/GTRZFU1YdhZrRBNni/ptNuG/MzPeyjM9pYla9ufif14tpdOMmMohiwkCkbOnR03yKlFYzaRQrRiGbb8CGUqMgNcsIF1pmzZmYcM0FZUuVskmc1QHWSfuy5tg1p3lVqd/m4xThDM7hAhy4hjrcQwNaIADhGV7g1Xqy3qx36+M3WrDyn1NYgvX5A52gktg=</latexit>

W = U0SU
†
0M

<latexit sha1_base64="IY/uZWG5nLNznvKqCf2AmvO4idc=">AAACDnicbVC7SgNBFJ2NrxhfqxYWNoMhYBV2RdBGCNrYCBHdJJCsy+zk7mbI7IOZWSEs+w/+g622dmLrL9j5KU5iCpN4qnPPORfuPX7KmVSW9WWUlpZXVtfK65WNza3tHXN3ryWTTFBwaMIT0fGJBM5icBRTHDqpABL5HNr+8Grstx9BSJbE92qUghuRMGYBo0RpyTMP2heOZ+E77DzkvT4JQxCFnm88s2rVrQnwIrGnpIqmaHrmd6+f0CyCWFFOpOzaVqrcnAjFKIei0sskpIQOSQhdTWMSgXTzyQMFrgWJwGoAeDL/zeYkknIU+ToTETWQ895Y/M/rZio4d3MWp5mCmBZ4ZtEXZAiqqGkpyDhWCR53g/tMAFV8pAmhgunLMR0QQajSDVZ0JfZ8AYukdVK3rbp9e1ptXE7LKaNDdISOkY3OUANdoyZyEEUFekYv6NV4Mt6Md+PjN1oypjv7aAbG5w/Ir5sG</latexit><latexit sha1_base64="IY/uZWG5nLNznvKqCf2AmvO4idc=">AAACDnicbVC7SgNBFJ2NrxhfqxYWNoMhYBV2RdBGCNrYCBHdJJCsy+zk7mbI7IOZWSEs+w/+g622dmLrL9j5KU5iCpN4qnPPORfuPX7KmVSW9WWUlpZXVtfK65WNza3tHXN3ryWTTFBwaMIT0fGJBM5icBRTHDqpABL5HNr+8Grstx9BSJbE92qUghuRMGYBo0RpyTMP2heOZ+E77DzkvT4JQxCFnm88s2rVrQnwIrGnpIqmaHrmd6+f0CyCWFFOpOzaVqrcnAjFKIei0sskpIQOSQhdTWMSgXTzyQMFrgWJwGoAeDL/zeYkknIU+ToTETWQ895Y/M/rZio4d3MWp5mCmBZ4ZtEXZAiqqGkpyDhWCR53g/tMAFV8pAmhgunLMR0QQajSDVZ0JfZ8AYukdVK3rbp9e1ptXE7LKaNDdISOkY3OUANdoyZyEEUFekYv6NV4Mt6Md+PjN1oypjv7aAbG5w/Ir5sG</latexit><latexit sha1_base64="IY/uZWG5nLNznvKqCf2AmvO4idc=">AAACDnicbVC7SgNBFJ2NrxhfqxYWNoMhYBV2RdBGCNrYCBHdJJCsy+zk7mbI7IOZWSEs+w/+g622dmLrL9j5KU5iCpN4qnPPORfuPX7KmVSW9WWUlpZXVtfK65WNza3tHXN3ryWTTFBwaMIT0fGJBM5icBRTHDqpABL5HNr+8Grstx9BSJbE92qUghuRMGYBo0RpyTMP2heOZ+E77DzkvT4JQxCFnm88s2rVrQnwIrGnpIqmaHrmd6+f0CyCWFFOpOzaVqrcnAjFKIei0sskpIQOSQhdTWMSgXTzyQMFrgWJwGoAeDL/zeYkknIU+ToTETWQ895Y/M/rZio4d3MWp5mCmBZ4ZtEXZAiqqGkpyDhWCR53g/tMAFV8pAmhgunLMR0QQajSDVZ0JfZ8AYukdVK3rbp9e1ptXE7LKaNDdISOkY3OUANdoyZyEEUFekYv6NV4Mt6Md+PjN1oypjv7aAbG5w/Ir5sG</latexit><latexit sha1_base64="IY/uZWG5nLNznvKqCf2AmvO4idc=">AAACDnicbVC7SgNBFJ2NrxhfqxYWNoMhYBV2RdBGCNrYCBHdJJCsy+zk7mbI7IOZWSEs+w/+g622dmLrL9j5KU5iCpN4qnPPORfuPX7KmVSW9WWUlpZXVtfK65WNza3tHXN3ryWTTFBwaMIT0fGJBM5icBRTHDqpABL5HNr+8Grstx9BSJbE92qUghuRMGYBo0RpyTMP2heOZ+E77DzkvT4JQxCFnm88s2rVrQnwIrGnpIqmaHrmd6+f0CyCWFFOpOzaVqrcnAjFKIei0sskpIQOSQhdTWMSgXTzyQMFrgWJwGoAeDL/zeYkknIU+ToTETWQ895Y/M/rZio4d3MWp5mCmBZ4ZtEXZAiqqGkpyDhWCR53g/tMAFV8pAmhgunLMR0QQajSDVZ0JfZ8AYukdVK3rbp9e1ptXE7LKaNDdISOkY3OUANdoyZyEEUFekYv6NV4Mt6Md+PjN1oypjv7aAbG5w/Ir5sG</latexit>

III. Hexagonal and 
triangular grid QWs



Honeycomb QW dynamics in a covert 
way in 3 time-steps

III. Hexagonal and 
triangular QWs
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As we expected, we recover again the Dirac eq in 
the continuous limit

i@t = (px�x + py�y +m�z) 
<latexit sha1_base64="Up7TQSH7A3JQZ0UW2V1Iktsd6og="></latexit><latexit sha1_base64="Up7TQSH7A3JQZ0UW2V1Iktsd6og="></latexit><latexit sha1_base64="Up7TQSH7A3JQZ0UW2V1Iktsd6og="></latexit><latexit sha1_base64="Up7TQSH7A3JQZ0UW2V1Iktsd6og="></latexit>

III. Hexagonal and 
triangular QWs

P. Arrighi, G. D. Molfetta, I. Márquez-Martín, and A. Pérez. The Dirac equation as a 
quantum walk over the honeycomb and triangular lattices. Phys. Rev. A 97, 062111  



Defects

3D

III. Hexagonal and 
triangular QWs

http://www.pnas.org/content/103/28/10612.full



Understanding propagation in discretized curved 
spacetime; 

in-homogenous transformation

⇤ =

✓
�11 �12

�21 �22

◆

<latexit sha1_base64="/7LcZKYSBWzrgn6Jv32S8piQ+EA="></latexit><latexit sha1_base64="/7LcZKYSBWzrgn6Jv32S8piQ+EA="></latexit><latexit sha1_base64="/7LcZKYSBWzrgn6Jv32S8piQ+EA="></latexit><latexit sha1_base64="/7LcZKYSBWzrgn6Jv32S8piQ+EA="></latexit>

u0
i = ⇤ui

<latexit sha1_base64="FgcIqem4mn0TpUrH8hhFUPnqgUU=">AAACB3icbVC7SgNBFJ31GeNr1dJmMAStwq4I2ghBGwuLCOYBybLMTu4mQ2YfzCMQlv0A/8FWWzux9TPs/BQncQuTeKpzzwMuJ0g5k8pxvqyV1bX1jc3SVnl7Z3dv3z44bMlECwpNmvBEdAIigbMYmoopDp1UAIkCDu1gdDv122MQkiXxo5qk4EVkELOQUaKM5Nu2PvXZde/eNPoEa5/5dsWpOTPgZeIWpIIKNHz7u9dPqI4gVpQTKbuukyovI0IxyiEv97SElNARGUDX0JhEIL1s9nmOq2EisBoCnt1/sxmJpJxEgclERA3lojcV//O6WoVXXsbiVCuIaY7nioEgI1B51Uih5lgleDoK7jMBVPGJIYQKZj7HdEgEocpMVzaTuIsDLJPWec11au7DRaV+U4xTQsfoBJ0hF12iOrpDDdREFI3RM3pBr9aT9Wa9Wx+/0RWr6ByhOVifP7CimOM=</latexit><latexit sha1_base64="FgcIqem4mn0TpUrH8hhFUPnqgUU=">AAACB3icbVC7SgNBFJ31GeNr1dJmMAStwq4I2ghBGwuLCOYBybLMTu4mQ2YfzCMQlv0A/8FWWzux9TPs/BQncQuTeKpzzwMuJ0g5k8pxvqyV1bX1jc3SVnl7Z3dv3z44bMlECwpNmvBEdAIigbMYmoopDp1UAIkCDu1gdDv122MQkiXxo5qk4EVkELOQUaKM5Nu2PvXZde/eNPoEa5/5dsWpOTPgZeIWpIIKNHz7u9dPqI4gVpQTKbuukyovI0IxyiEv97SElNARGUDX0JhEIL1s9nmOq2EisBoCnt1/sxmJpJxEgclERA3lojcV//O6WoVXXsbiVCuIaY7nioEgI1B51Uih5lgleDoK7jMBVPGJIYQKZj7HdEgEocpMVzaTuIsDLJPWec11au7DRaV+U4xTQsfoBJ0hF12iOrpDDdREFI3RM3pBr9aT9Wa9Wx+/0RWr6ByhOVifP7CimOM=</latexit><latexit sha1_base64="FgcIqem4mn0TpUrH8hhFUPnqgUU=">AAACB3icbVC7SgNBFJ31GeNr1dJmMAStwq4I2ghBGwuLCOYBybLMTu4mQ2YfzCMQlv0A/8FWWzux9TPs/BQncQuTeKpzzwMuJ0g5k8pxvqyV1bX1jc3SVnl7Z3dv3z44bMlECwpNmvBEdAIigbMYmoopDp1UAIkCDu1gdDv122MQkiXxo5qk4EVkELOQUaKM5Nu2PvXZde/eNPoEa5/5dsWpOTPgZeIWpIIKNHz7u9dPqI4gVpQTKbuukyovI0IxyiEv97SElNARGUDX0JhEIL1s9nmOq2EisBoCnt1/sxmJpJxEgclERA3lojcV//O6WoVXXsbiVCuIaY7nioEgI1B51Uih5lgleDoK7jMBVPGJIYQKZj7HdEgEocpMVzaTuIsDLJPWec11au7DRaV+U4xTQsfoBJ0hF12iOrpDDdREFI3RM3pBr9aT9Wa9Wx+/0RWr6ByhOVifP7CimOM=</latexit><latexit sha1_base64="FgcIqem4mn0TpUrH8hhFUPnqgUU=">AAACB3icbVC7SgNBFJ31GeNr1dJmMAStwq4I2ghBGwuLCOYBybLMTu4mQ2YfzCMQlv0A/8FWWzux9TPs/BQncQuTeKpzzwMuJ0g5k8pxvqyV1bX1jc3SVnl7Z3dv3z44bMlECwpNmvBEdAIigbMYmoopDp1UAIkCDu1gdDv122MQkiXxo5qk4EVkELOQUaKM5Nu2PvXZde/eNPoEa5/5dsWpOTPgZeIWpIIKNHz7u9dPqI4gVpQTKbuukyovI0IxyiEv97SElNARGUDX0JhEIL1s9nmOq2EisBoCnt1/sxmJpJxEgclERA3lojcV//O6WoVXXsbiVCuIaY7nioEgI1B51Uih5lgleDoK7jMBVPGJIYQKZj7HdEgEocpMVzaTuIsDLJPWec11au7DRaV+U4xTQsfoBJ0hF12iOrpDDdREFI3RM3pBr9aT9Wa9Wx+/0RWr6ByhOVifP7CimOM=</latexit>

HDC =
X

i

⇡i⌧
0
i(x, y) +m�z

<latexit sha1_base64="R+ZickVg673xXub+ZOb8mkjuTYQ=">AAACIHicbVC7TsNAEDzzJrwClDQnIgQIFNkICRokBBSUIBFAiiNrfWySU+5s626NCJa/gX/gH2ihpUOUUPEpOCEFr6lmZ2al3QkTJS257pszNDwyOjY+MVmamp6ZnSvPL5zbODUCayJWsbkMwaKSEdZIksLLxCDoUOFF2Dns+RfXaKyMozPqJtjQ0IpkUwqgQgrK68dBdnSY7/k21YHkfiID6ROkq4Fcu9nsrm9o38qWhuA2KFfcqtsH/0u8AamwAU6C8od/FYtUY0RCgbV1z02okYEhKRTmJT+1mIDoQAvrBY1Ao21k/ZdyvtKMDac28v78PZuBtrarwyKjgdr2t9cT//PqKTV3G5mMkpQwEjn/sRga6CDlK4XUTBWnmPfa4lfSoCDVLQgII4vLuWiDAUFFp6WiEu93AX/J+VbVc6ve6XZl/2BQzgRbYstsjXlsh+2zY3bCakywO/bAHtmTc+88Oy/O61d0yBnsLLIfcN4/AdiCoxw=</latexit><latexit sha1_base64="R+ZickVg673xXub+ZOb8mkjuTYQ=">AAACIHicbVC7TsNAEDzzJrwClDQnIgQIFNkICRokBBSUIBFAiiNrfWySU+5s626NCJa/gX/gH2ihpUOUUPEpOCEFr6lmZ2al3QkTJS257pszNDwyOjY+MVmamp6ZnSvPL5zbODUCayJWsbkMwaKSEdZIksLLxCDoUOFF2Dns+RfXaKyMozPqJtjQ0IpkUwqgQgrK68dBdnSY7/k21YHkfiID6ROkq4Fcu9nsrm9o38qWhuA2KFfcqtsH/0u8AamwAU6C8od/FYtUY0RCgbV1z02okYEhKRTmJT+1mIDoQAvrBY1Ao21k/ZdyvtKMDac28v78PZuBtrarwyKjgdr2t9cT//PqKTV3G5mMkpQwEjn/sRga6CDlK4XUTBWnmPfa4lfSoCDVLQgII4vLuWiDAUFFp6WiEu93AX/J+VbVc6ve6XZl/2BQzgRbYstsjXlsh+2zY3bCakywO/bAHtmTc+88Oy/O61d0yBnsLLIfcN4/AdiCoxw=</latexit><latexit sha1_base64="R+ZickVg673xXub+ZOb8mkjuTYQ=">AAACIHicbVC7TsNAEDzzJrwClDQnIgQIFNkICRokBBSUIBFAiiNrfWySU+5s626NCJa/gX/gH2ihpUOUUPEpOCEFr6lmZ2al3QkTJS257pszNDwyOjY+MVmamp6ZnSvPL5zbODUCayJWsbkMwaKSEdZIksLLxCDoUOFF2Dns+RfXaKyMozPqJtjQ0IpkUwqgQgrK68dBdnSY7/k21YHkfiID6ROkq4Fcu9nsrm9o38qWhuA2KFfcqtsH/0u8AamwAU6C8od/FYtUY0RCgbV1z02okYEhKRTmJT+1mIDoQAvrBY1Ao21k/ZdyvtKMDac28v78PZuBtrarwyKjgdr2t9cT//PqKTV3G5mMkpQwEjn/sRga6CDlK4XUTBWnmPfa4lfSoCDVLQgII4vLuWiDAUFFp6WiEu93AX/J+VbVc6ve6XZl/2BQzgRbYstsjXlsh+2zY3bCakywO/bAHtmTc+88Oy/O61d0yBnsLLIfcN4/AdiCoxw=</latexit><latexit sha1_base64="R+ZickVg673xXub+ZOb8mkjuTYQ=">AAACIHicbVC7TsNAEDzzJrwClDQnIgQIFNkICRokBBSUIBFAiiNrfWySU+5s626NCJa/gX/gH2ihpUOUUPEpOCEFr6lmZ2al3QkTJS257pszNDwyOjY+MVmamp6ZnSvPL5zbODUCayJWsbkMwaKSEdZIksLLxCDoUOFF2Dns+RfXaKyMozPqJtjQ0IpkUwqgQgrK68dBdnSY7/k21YHkfiID6ROkq4Fcu9nsrm9o38qWhuA2KFfcqtsH/0u8AamwAU6C8od/FYtUY0RCgbV1z02okYEhKRTmJT+1mIDoQAvrBY1Ao21k/ZdyvtKMDac28v78PZuBtrarwyKjgdr2t9cT//PqKTV3G5mMkpQwEjn/sRga6CDlK4XUTBWnmPfa4lfSoCDVLQgII4vLuWiDAUFFp6WiEu93AX/J+VbVc6ve6XZl/2BQzgRbYstsjXlsh+2zY3bCakywO/bAHtmTc+88Oy/O61d0yBnsLLIfcN4/AdiCoxw=</latexit>

III. Hexagonal and 
triangular QWs

Duality reabsorbing the deformation in the coin 
operator

Not possible in the rectangular lattice



III. Hexagonal and 
triangular QWs

Probability density of a QW in the plane (t,x), compared with the classical geodesic 

Black hole simulation

ds2 = (1 −
rs

r ) dt2 −
dρ2

1 − rs

r

− r2dθ2

P. Arrighi, G. D. Molfetta, I. Márquez-Martín, and A. Pérez. From curved spacetime to spacetime-
dependent local unitaries over the honeycomb and triangular Quantum Walks. Scientific Reports 
volume 9, Article number: 10904 (2019)



III. Hexagonal and 
triangular QWs

Quantum simulation in 
3D QW triangulated?
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ψ1 ≡ ψRC
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6ψ2 ≡ ψLC

ψ3 ≡ ψL B
ψ4 ≡ ψR B
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⃗ublue⃗ugreen

⃗ub1

⃗ub2



III. Hexagonal and 
triangular QWs

Understanding the fermion propagation 
under discrete space-time

Why are we doing that?

Posible applications in quantum algorithms

Graphene applications

Antonio Gallerati. “Graphene properties from curved space Dirac equation”. In: European Physical Journal Plus 134.5 (2019) 

Kyriakos Flouris, Sauro Succi, and Hans J. Herrmann. “Quantized Alternate Current on Curved Graphene”. In: Condensed Matter 4.2 (2019) 



Thank you!


